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Introduction 

When producing or heating a plasma with microwaves, 

the goal is usually to transform as much electromagnetic 

wave energy into plasma energy as possible. To determine 

the optimum parameters for energy transfer, a theoretical 

model is useful. 

An electromagnetic wave can give up its energy to a 

plasma in three basic ways: 

1) collisional resistivity 

2) cyclotron resonance acceleration 

3) Landau damping 

In addition, there is a wide variety of nonlinear effects 

whereby an electromagnetic wave can excite various forms 

of plasma waves. 

Landau damping is an important mechanism whenever the 

phase velocity of the wave (w/Rek) is comparable to the particle 

velocity . In the absence of a magnetic field, the phase 

velocity is always greater than c and hence Landau damping 

is not possible for a transverse wave. With a magnetic field, 

the phase velocity tends to zero at the electron cyclotron 

frequency and Landau damping can occur. However, a simple 

calculation shows that Landau damping is probably less 

important than cyclotron resonance absorption which occurs 

under the same c onditionsj and hence it will not be treated 

here. 

The oth�r two mechanisms will be considered in. the 

following sections . 
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If the scale of distance over which W and V change is p 
large compared with the wavelength of the radiation, the 

power absorbed by the plasma is 

K 
P = --=..;..-- (5) 

K + K c· 

where K is the spatial average of K, K
c 

is the abso rptio n of 

the cavity in the absence of plasma and Po is the input 

microwave power to the cavity. 

In order to evaluate Kc' it is useful to relate Kc 
to the Q of the cavity. The power remaining in the wave 

after traveling a distance z is 

The electromagnetic wave energy stored in the cavity is 

U = SPdt = 1 r;dz = P /2cK . c J 0 c 
() 

From the definition of Q we obtain 

Q = 
wU = � 
Po 2cKc' (6) 

The Q of a cavity depends on the distribution of 

electric fields inside the cavity. However, to within a 

geometrical facto r o f  order unity, the Q of all cavity modes 

is given by 

"'"' 1 V Q = 2Tr A�, (7) 



5 

where V is the volume, A is the surface area and i is the skin 

depth of the cavity walls . Applying equation (7) to the 

toroidal octupole gives Q � 10,500 at a frequency of 

9GHz. This is surely arr overestimate since it neglects 

such factors as wall contamination and port holes . 

A more realistic Q was determined experimentally. 

A 9GHz klystron was used to feed power into the cavity 

through the same window as used for the high power mag

netron . A ferrite isolator was used to decouple the klystron 

from the cavity. The cavity modes were observed by coupling 

a smallqnount of power out of the cavity through a winpow 

into a calibrated crystal detector . By sweeping the kl�

stron frequency with a saw-tooth voltage, the mode pattern 

of Fig . 1 was obtained. The three prominent peaks in Fig. 1 
have an average Q of 3300. From older data at 24 GHz, a 

Q of 8700 was calculated. Since Q��, this would imply 

a Q of 5400 at 9 GHz. Even earlier data of Meade (PLP 51) 
imply a Q of about 4000. Since professors are never wrong, 

a Q of 4000 will be assumed. From equation (6) we conclude 
N -4 I that at 9 GHz, Kc 
= 2.7 x 10 Np cm . 

If we require that at least half the injected microwave 

power be absorbed by the plasma, equation (5) ,gives 

or 

Substituting for W and y gives p 

,-.- > 1 4 1019 -3 sec-l n nn Vs 11 • X cm 

(8) 
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where nn is the neutral particle density, 0; is the scat
tering cross section) and v is the electron velocity. Hence, 
for effective collisional absorption, we need high pre
ionization and high background gas pressure. In a real 
case, we might, for example, wish to use the gun plasma 
(n � 109 cm:-3) for preionization. Taking a typical value 
6f �sv � 10-7 cm3/sec, we conclude that good efficiency 
would require a neutral density of N 1017cm-3 or a background 
pressure of several torr. Hence, resistive absorption does 
not appear to be an efficient process with the present 
apparatus. 

In spite of this limitation, resistive absorption is 
of some academic interest because the theory is sufficiently 
simple to allow quantitative predictions which can be 
checked by experiment. In the usual case of K�� Kc' the 
power absorbed by the plasma is 

P = P K/K o c 

The energy in the plasma is 

(9) 

where Ei is the ionization energy, Te, the electron temperature. 
Since P = dU/dt, we obtain the differential equation 

d dT 47re 1 "V 
V(Ei + kTe)iF + nVk � = Po· mw� w Qn. (10) 
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If we neglect all sources of particle loss, the rate of 

density increase is given in terms of the ioniz ation cross 

section Of. by 

(11) 

The two equations can be combined to give: 

dT 
(Ei + kTe) nn �v + k � = (12) 

Equation (12) can be used to find Te(t) and then equation (11) 
used to find n(t) if the energy dependence of V and qi are 

known. The required cross sections are plotted in Fig. 2 

using previously published data. 

Two cases are sufficiently simple to allow exact analy
tic solutions: 1) weakly ionized plasmas (n <..(. nn») and 

2)  strongly ionized plasmas (n » n ). These cases will n 
be considered separately. 

Case I (weakly ionized plasma): 

For a weakly ionized plasma, y = n �sv and th� second n .  
term of equation (11) vanishes . 

is quickly reached and is given 

An equilibrium temperature 

where 

by 

A OS E. + kT = vI1 P --. 
1. e o <fi 

d = Q. 41Te 4A = - 2 5 
1 V mJ 2.3 x 10 sec 

(13) 
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for 9GHz radiation in the octupole. The temperature 
predicted by equation (13) is plotted vs. microwave power in 
Fig. 3. For low power levels, the energy reaches 15.8 eV 
whereupon ionization prevents further increase. Only at 
power levels of several hundred kilowatts does resistive 
heating become effective. 

The previous derivation is somewhat crude because it 
neglects the following effects� 

1) The electrons are not monoenergetic. It was assumed 
that all electrons have an energy of kTe. A broadened 
distribution would cause the curve to fall below 15.8 eV 
at low powers. 

2) Other losses such as excitation and diffusion to 
the wall have been neglected. These effe cts would reduce 
the temperature obtainable at a given power level. 

3) The ionization potential was assumed to be 15.8 V 
(ionization potential of hydrogen atom + 1/2 dissociation 
potential of hydrogen molecule) . Multiple excitations lower 
the actual threshold to 10.2 eVe 

Having calculated the equilibrium temperature, it is 
then a simple matter to obtain the density from equation (11): 

where n is 
0 

n (t) = 
t/�"· n e I 

o 

the initial 

'T. = 
� 

electron 

1 
n cr-. v n l 

For low powers, kTe � 15.8 eV and 

density and 

E. � = 
+ kT e 

'cl P n ers v . 
1 0 n 
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If"'i - 1.66 x 1014 1 
=3 • P (watts)n (em ) 

a n 

The energy required to increase the density of a plasma 
by a factor of e is plotted vs. background pressure for 
resistive heating in the octupole in Fig. 4. With 
presently available energy sources (I"" 10 J at 9 GHz or 
1 J at 3 GHz)J pressures in excess of 10-4 torr are 
required to significantly increase the density. 

Some preliminary measurements of resistive heating 
have been made with the toroidal octupo1e by injectirg a 
gun p1asma� raising the background pressure� and applying 
a pulse of 9 GHz microwaves with a very weak magnetic field 
(strong enough to confine the plasma but weak enough to 
avoid electron cyclotron resonance). The exponential 
dependance of density increase on pressure has been 
verified and the observed value of nino checked with the 
theory to within about a factor of two. 

Case II (strongly ionized plasma): 
For a strongly ionized plasma, the dominant colli

sions are e1ectron�ion and the density increase dn/dt 
is zero. In this case, equation (12) becomes 

dT e kdt 
P � ncr v 

= 0 4�e s Q = ��pon (kTe)-3/2 
Vmw"l. � A (14) 

�45 3/2 3 where o.;l = 2 x 10 erg em for 9 GHz. Equation (13) 

can be solved to obtain T (t): e 

(15) 

As a numerical t:!xample, a 1 msecp 100 KW, 9 GHz 
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microwave pulse and a plasma density of 10
11

cm
-3 

would 

be required in order to heat the plasma to 100 eVe Hence, 

resistive heating of a fully ionized plasma in the octupole 

is quite difficult. If hi ghe r plasma densities were available, 

the original assumption that oo>� �p would be invalid and 

a more exact calculation would be necessary. 

As the plasma density increases� the absorption increases 

and the distance traveled by the wave before damping decreases. 

For V) ). Co.) and y -<,( to; equation (3) gives a penetration p 
depth of 

As c.:>p increases, � decreases until � becomes comparable 

to the wavelength divided by 2v] at which point the reflected 

power becomes comparable to the absorbed power and the 

efficiency falls off rapidly. This condition occurs for 

£= 
w 

w = rrU) p �" . 

Hencej for a given microwave frequency (w) the density that 

can be achieved is limited. For 3 GHzj the maximum density 

is about 2 x 10
11

cm
-3 

and fo r 9 GHz it is about 2 x 10
12

cm
-3

• 
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Cyclotron Resonance Acceleration 

When the static magnetic field is taken into account, 

a d isper s ion relation similar to equation (3) is obtained. 

This relation is called the App le t on equation and appears 

as follows: 

+ .� �
w 

w"l P , 

where GJ is the electron cyc1otro� frequency: 
c 

eB Q = 
c mc 

-+ 
and 9 is the angl e of the wave vector k with respect to 

the magnetic field B. The procedure is to find the �verage 

absorption/unit length of a wave by integrating K = 1m k 

over all volume and all solid ang1e� 

The problem can be simplified somewhat by as
:
suming that all 

e1e�ents of solid angle are equally probable in which case 

the angle integrat ion gives 

K = 

lJ,c [ (w ± w)� + \>�] 
c 
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c where f.1 == w Re ko The volume integral can be perfonned 

by converting to an integral over (.J : 
, c 

dV 
dB dc.D 

c 

For V LJ.. w, the main contribution to the integral comes 

fr.om w � W J and dV I dB, VJ, and V can be evaluated at c p II 
B = 

mcJ&» and brought out of the integral. For \0)'\ <: <: c.J vJ 
e p 

l-L � 1 and the avtE':rage absorption is 

CJo '\ -
-K mG) V dv j -' r..J2...:., � 

'+ eV dB 
- O(;l  

1TillW'4 dV 
7T?

e dV 

dW 
c 

= � - n 4 eV dB - -V dB . (16) 

For W'1.:Jl.)\ w'JJ the above absorption is increased by a factor 

of "'�I J 2 wV'. The i.ndependence of K on Y for low densities 

can be understood physically since the absorption at resonance 

is proportional to 1/"1 but the volume over which resonance 

occurs is proportional to V /u>c. 
The result of equation (16) can be compared with the 

resistive heating case of equation (9) by determining an 

effective collision frequency V"'r which will allow resonance 

heating to be treated in the same way as resistive heating. 

The result: is 

(17) 
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The quantities dV/dB and (B/V) (dV/dB) are plotted in 
Figo )o The quantity(B/V)(dV/dB) is especially 
useful since it is independent of B provided the abscissa 
of Fig. 6 is interpreted as the constant B surface on 
the standard B plots (normalized to B = 1 •. 0 at outside 
wall midplane) rather than kilogauss. Note that since 
(B/V) (dV I dB) is of order unity 3 Y* .cJ (,) and resonance 
heating is more efficient than resistive heating by 
order wiVe Normally the magnetic field in the octupole 
is r educed in order to give resonance at B � 5.0 in order to 
produce a density distribution which is peaked on the 
separatrix. For-this case., Vi,-;=: O.lw, and the power 
absorbed by the p1asm� is 

Efficient absorption occurs when w� ). 10 w'�'/Q or n :> 2. SxlOScm-3 
S �3 P 

for 3 GHz or n > S.3 x 10 em for 9 GHz. Hence., the gun 
inj E:;cted plasma (n N 109 cm � 

3) should provide adequate 
preioni:z:ation for microwave heating. If this level of 
preionization is not available.? then a high background 
pressure is required to build the density up rapidly. 

Two special cases which are of some experimental 
importance will be considered in detail: 1) High background 
gas pressure (N 10-4 torr) and low preionization, and 2) Low 
background gas pressure (N 10-6 torr) and considerable 
pre ionization (N109 cm-3): 

Case I (High pressure� low preionization)� 
Following the same procedure used to obtain equation (13) 

leads to the result 
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(E. + k T ) kkT = «3P / cr. 
� e ���e 0 � 

� = .725 �v e2 6 10-43 1/2 2 where �3 - --�-- = .7 x erg cm sec 
fill �� n 

(18) 

for 9 GHz radiation in the octupole. Equation (18) allows 

a prediction of the equilibrium temperature of a resonantly 

heated weakly ionized plasma. The result is shown in 

Fig. 6. Note the vastly improved efficiency over the 

resistive heating case of Fig. 3. For presently available 

power levels, temperatures of 100 eV -.1 KeV would be 

expected on the basis of this model. 

There are at least 3 effects which would tend to 

reduce this theoretically predicted temperature: 

1) Excitation losses, diffusion to the wall and 

hoops and hanger losses have been neglected. 

2) An equilibrium temperature may not be reached un

less the microwave pulse length is many ionization times. 

3) If plasma does not diffuse out of the resonance 

region sufficiently fast, the local density may reach 

the point where the radiation can no longer penetrate into 

the resonance region and the power absorbed will be reduced. 

An experimental measurement of the temperature near 

the end of the microwave pulse would be useful for determin

ing the accuracy of the preceding prediction. This is 

experimentally difficult, however, because of the fluctuating 

plasma potential and the presence of high microwave electric 

fields. Measurements several hundred �sec after the end 

of the pulse always show temperatures < 10 eV, but this is 

consistent with what would be expected from ionization losses. 
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As in the case of resistive heating, after thermal 

equilibrium has been reached, the density increases exponen

tially with a time constant given by 

"'r. = lin fi'". v 
1. n 1. 

For a typical case of 10 kw at 3 GHz, rri = 5 �sec. This 

result is almost identical to that o btained in PLP 142 by 

a somewhat different method. In 100 �sec, the density 

should increase by ,... 9 orders of magnitude. This is in 
reasonable agreement with experimentally obtained results. 

Case II (Low pressure, high preionization) 
In order to achieve the maximum possible electron 

temperature by microwave heating, a high level of preioni

zation < r.J 109 em =3) and low background pressure is desired. 
These conditions can be approximated in the present machine 
by injecting a gun plasma with a background gas pressure of 

-6 �10 torr. Under these conditions, a microwave pulse 'shouLd 

produce essentially a fully ionized plasma that absorbs 

all of the rf input power . The final density would be 

N 6.5 x 1010 cm=3 and the temperature would be determined 

solely by the input energy: 

or E. + kT = 300 U 
1. e 
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where Ei and kTe are in eV and U is in joules. Hence, 
with presently available energies ( N 10 joules) we expect 
to be able to produce a 3 keV fully ionized plasma with 

10 �3 n i".I 6.5 x 10 cm . Furthermore, as the background pressure 
is reduced, the temperature increases. Studies are presently 
under-way to test this int�ing prediction. 

In PLP 142, an objection was raised to the possibility 
of achieving high electron�emperatures by electron cyclo
tron resonance heating in the toroidal octupole because the 
nonuniformity of the magnetic field would allow particles 
to get out of resonance as their gyroradius increased. 
The maximum energy which a particle can acquire is given by 

IB \� 2/3 kTe = 0.29 m[ a �,U B } ] 

where a is the average acceleration of the particle, 

e� a = -E m • 

(20) 

The average electric field was calculated assuming a Q of 
unity. The correct expression for E should be 

-
J

41fPoQ' 

E = 

V 
(21) 

The average �tric field and corresponding electron 
acceleration are plotted vs. P in Fig. 7. For 
P = 100 ��, a � 10

18 cm/sec2.
o 

For resonance on the separa-o , . 

trix behind the hoopsJ B/vB � 7 cm, and equation (20) 
predicts a possible energy of ""10 keV for 9 GHz. - This revised 
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estimate is consistent with the possibility of obtaining a 

3 keV plasma and presents a considerably more optimistic 

view of plasma heating in the octupole than does PLP 142. 
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