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ARTICLE INFO ABSTRACT

Keywords: In this paper, we present the master stability function (MSF) analysis of synchronization in
Megastability megastable dynamical systems—those with a countable infinity of coexisting attractors—across
Master St?bil%ty function three benchmark oscillators (cabbage, simplest sinusoidal, and tanh—exponential) and four sin-
;};?;}::i(mzamn gle coupling channels. For attractors selected by initial conditions, we quantify how dissipativity

and external forcing shape stability on the synchronization manifold. While inner (more dissi-
pative) attractors generally admit broader stability, the most striking outcome is the emergence of
finely oscillatory MSF curves that partition the coupling axis into interleaved, narrow intervals.
Unlike conventional MSF patterns, these repeated sign changes persist over wide coupling ranges,
producing highly fragmented stability windows rather than a single contiguous region. This
unprecedented phenomenon survives under forcing and depends strongly on the coupling
pathway, revealing an unusually delicate balance between local megastable dynamics and
network embedding. By characterizing this structured alternation of stable and unstable bands,
the study clarifies why achieving collective synchrony in megastable regimes may be inherently
challenging and points to targeted choices of attractor and coupling channel as key levers for
future network designs.

1. Introduction

Synchronization is a fundamental collective phenomenon in nonlinear systems, where interacting units adjust their dynamics to
operate in unison [1,2]. Originating from simple coupled oscillators, it now represents a universal mechanism observed in physics,
biology, chemistry, and engineering, spanning from laser arrays to neuronal populations and power-grid models [1,3]. In recent years,
advances in nonlinear electronic and neuromorphic circuits have further expanded the understanding of synchronization phenomena
in physical implementations, illustrating how theoretical principles translate into practical applications [4-6]. Depending on coupling
strength, topology, and intrinsic nonlinearity, networks can exhibit complete [7], phase [8], lag [9], or partial synchronization
[10,11], each marking a distinct level of coherence across the units. These regimes may emerge, disappear, or coexist as parameters
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vary, producing smooth transitions between states or sharp changes in collective behavior. In practice, the same network can traverse
these forms of synchrony across operational ranges, shaping how coordinated activity is maintained in real-world systems.

In dynamical systems theory, synchronization occurs when the trajectories of coupled subsystems converge onto a common
(invariant) manifold despite their intrinsic complexity [12]. The stability of this manifold—often quantified via the Master Stability
Function (MSF)—determines whether small perturbations decay or grow [13]. MSF analysis has become a central topic in nonlinear
dynamics and applied mathematics. Many studies have used the MSF to investigate how multilayer structures [14-16], higher-order
interactions [17-19], coupling functions [20-22], and time-varying couplings [23-25] influence synchronization. In such settings, the
MSF delineates the onset and parameter regions of stable synchrony, which is especially valuable in large networks. Complementary
work has focused on the qualitative patterns of the MSF under specific configurations [26-28], offering mathematical insight into how
architecture and node dynamics jointly shape stability.

Multistability is a hallmark of nonlinear dynamical systems, characterized by the coexistence of multiple stable attractors, such as
fixed points, limit cycles, or chaotic states, under identical parameter conditions [29]. The system's long-term evolution depends on its
initial state, meaning small perturbations can drive it toward entirely different behaviors. Two remarkable special cases of multi-
stability are extreme multistability and megastability, each representing a unique manifestation of coexisting stable dynamics. In
extreme multistability, an infinite continuum of attractors coexists, typically due to a conserved quantity or hidden invariant that
creates a neutrally stable direction in phase space [30,31]. As a result, the final state varies continuously with initial conditions,
forming a smooth manifold of possible attractors rather than discrete basins. In contrast, megastability refers to the coexistence of an
infinite but discrete set of stable attractors, each with its own distinct basin of attraction [32-34]. These attractors are often arranged in
a nested or lattice-like structure, arising from intrinsic invariances or modular nonlinearities in the system's equations. Unlike extreme
multistability, where transitions between states are continuous, megastable systems exhibit abrupt switching between attractors as
initial conditions cross basin boundaries. This discrete multiplicity of stable states makes megastability particularly intriguing for
potential applications in information encoding, memory storage, and pattern formation within complex networks.

In megastable systems, the coexistence of infinitely many attractors adds a new layer of complexity: synchronization becomes
attractor-dependent and can vary across coexisting states. Characterizing these differences reveals how complex networks self-
organize, transition between order and chaos, and sustain coherence under competing dynamical influences. While conventional
MSF behaviors in standard oscillators are well-classified into distinct categories based on their zero-crossing points and stability region
(Classes I'g to I'ty) [35], the highly oscillatory and severely fragmented MSF patterns with numerous, persistent zero-crossings have not
been documented in the literature. Accordingly, this paper performs an MSF analysis for multiple coexisting solutions of three
megastable oscillators, both with and without an external forcing term. Section 2 outlines the MSF framework; Section 3 presents
detailed results for the three oscillators and their distinct attractor-dependent synchronization regimes; and Section 4 summarizes the
key findings and implications.

2. Master stability analysis

Let X; € R™ denote the state of the i-the oscillator (i =1,...,N). With intrinsic (node) dynamics F : R"—R™ and a coupling function
H: R™—R™, the network evolves as

N
X =F(X;)+0 Y ayH(X;), €8]
j=1

where ¢ € R is the coupling strength and A = [a;],, is @ zero-row-sum adjacency matrix satisfying a; = — > 4. For a simple

(unweighted) graph, a; € {0,1} for i # j, where a; = 1 indicate a connection between the nodes i and j and a; = 0 shows no con-
nections.

For identical two-dimensional oscillators X; = [x;, yl-]T with and F(X;) = [f(X;),g(X;)]", it is convenient to take linear selection

Cox € e ) ) ) ) )

H(X;) = CX;, where C = {C’”‘ Cy x] specifies which component is broadcast into which equation. The common one-to-one component
Xy Cyy

couplings are

exoxc =3 s HK) = (.0
o« yox: C = :g }): = H(X) = [.0]"
o x>y C = :(1) 8: = H(X) = [0,x]"
ey=yc =g 9] = mwm) - [oy]"

This construction extends directly to three and higher dimensions by selecting the appropriate rows and columns of C.
In the synchronous state X; =X, = ... =Xy = X, the network follows the isolated dynamics X = F(X), the coupling term vanishes

by the zero-row-sum property: Z}-Iil a;H(X) = H(X) Z]-N:l a; =0.
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To assess the stability of this synchronous manifold, each node was perturbed by 6X; = X; — X. Linearizing around X yields

N
8X; = JF(X)5X;+ 06 »_ ayJH(X)5X;, )

=1

where JF(X) and JH(X) are the Jacobians of F and H, both evaluated at X. Let L = —A be the graph Laplacian and set C = JH(X). Then

N
8X; = JF(X)5X; — 0 Y _ [;CoX;. 3)
j=1

Since L is diagonalizable for undirected graphs (symmetric with an orthonormal eigenbasis), we can write L = VAV~! with ei-
genvalues A = {;,...Ay}. Projecting onto the Laplacian eigenmodes (denoting the modal perturbation by #; — §X;) gives the
decoupled variational systems

i = [JF(X) — KCln;, (©)]

where K; = o4; is the normalized coupling strength.

Defining the MSF ¥(K) as the maximum Lyapunov exponent of System (4), the synchronous manifold is linearly stable if ¥(K) < 0
for all transverse modes i > 2. For a connected graph, 4; = 0 corresponds to motion along the manifold; the onset of synchronization
occurs when ¢4, first enters the interval {K, : ¥(K2) < 0}, while complete stability requires the entire spectrum {K; : i > 0} to lie
inside that interval. Here, we evaluate the master-stability equation at K — K;, yielding an MSF pattern that is independent of the
network topology; the topology influences stability only through the Laplacian eigenvalues.

It is important to note that the standard MSF framework and the computation of Lyapunov exponents are rigorously defined for
autonomous (time-invariant) dynamical systems. For the non-autonomous (externally forced) oscillators considered in this study, the
Jacobian matrix explicitly depends on time. To resolve this and properly apply the standard MSF formulation, we introduce an
auxiliary state variable (e.g., z with 2 = 1) to embed the non-autonomous system into a higher-dimensional autonomous one. This
transformation removes the explicit time dependence from the Jacobian, allowing the variational equations to be correctly decoupled
and the Lyapunov exponents to be accurately computed. Crucially, since this auxiliary variable z represents universal time, it is
identical across all oscillators in the network and does not participate in the coupling function; the coupling acts exclusively on the
original physical state variables.

3. Results

We begin by assessing the linear stability of the synchronization manifold using the master-stability framework. In multistable
settings, distinct initial conditions select different coexisting attractors; for each, we evaluate the corresponding MSF pattern. Our focus
here is on megastable systems—a special case of multistability with an infinite, countable family of coexisting attractors—where we
examine the synchronous solutions and compare their MSF patterns. This organization allows us to delineate, for each selected
attractor, the parameter ranges that sustain synchronous behavior and to contrast stability characteristics across coexisting solutions.

In this paper, we use the term oscillatory MSF patterns to describe a specific phenomenological behavior of the MSF ¥(K) as a
function of the coupling strength K. Unlike conventional MSF curves, which typically exhibit a single contiguous stable region or a
monotonic trend, an oscillatory MSF pattern is characterized by repeated local maxima and minima in its shape. Mathematically, this
oscillatory shape results in multiple zero-crossings, thereby fragmenting the synchronization stability into interleaved, narrow in-
tervals of stable (¥(K) < 0) and unstable (¥(K) > 0) regimes.

It should be noted that all simulations are carried out using the fourth-order Runge-Kutta method with a time step of 0.005, over a
total integration time of 10,000 time units, and a sampling resolution of 1000 points for the plotted diagrams. To select the specific
coexisting attractors, the initial conditions are chosen from the basin of attraction of the synchronization manifold, which corresponds
to the dynamics of the isolated system in each case. To compute the MSF, the maximum Lyapunov exponent of the variational
equations was calculated using the standard Wolf algorithm [36]. The aforementioned integration time is sufficient to ensure that the
trajectory settles onto the synchronization manifold and to guarantee the numerical convergence of the calculated exponents.

3.1. Case A: the cabbage oscillator

The term megastability was first introduced to describe a system exhibiting an infinite number of coexisting attractors arranged in
layered structures, known as the cabbage system due to this characteristic. As the first case study, we consider the cabbage system,
which is defined as follows [32]:

xX=Yy

¥ = —(0.33)x + yeos(x) + Asin(0.73t)" ©

Here, X = [x,y]” denotes the state vector, and A is a parameter controlling the amplitude of an additive forcing term. When A = 0,
the system is time-independent and therefore autonomous; for A # 0, it becomes non-autonomous. Fig. 1a illustrates the first five inner

coexisting attractors for A = 0, using the initial condition X, = [x,, O}T with x, € {#,3%,5%,77,97}. As A increases, the dynamics
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become more complex and can exhibit additional solutions, with some attractors merging. For A = 1, Fig. 1b shows the coexisting
attractors within the same x, domain—specifically x, € {57, 77, 97}. Here, the first three initial conditions x, € {z, 37, 57} converge to
the same attractor (shown in red). In Fig. 2b, following the classification reported in [32], the two innermost attractors (shown in red
and blue) exhibit chaotic dynamics, while the outer purple attractor corresponds to an attracting torus.

Letting t—z with z = 1, System (5) (synchronization manifold) can be recast in autonomous form as:

x=y,
¥ = —(0.33)%x + ycos(x) + Asin(0.73z), (6)
i=1.

For System (5), the Jacobian matrix in the synchronous state X = (x,y, z) is

0 1 0
JF(X) = | —(0.33)> —ysin(x) cos(x) 0.73Acos(0.73z) |. 7)
0 0 0

According to Eq. (4), the corresponding variational equations are

fle = 1y — K[Carll + el
i, =- ((0.33)2 + ysin(x) )nx + cos(x)n, + 0.73Ac0s(0.732)1, — K[cxyll, + ity ] (8)
iz = 0.

Lyapunov analyses of System (8), or equivalently, the MSF ¥(K), for A = 0 and 0 < K < 10, under the four one-to-one coupling
configurations x—x, y—Xx, x—y, and y—Yy are presented in Fig. 2a-d. Each colour shown in Fig. 2 corresponds to the same attractor
colour depicted in Fig. 1a and is obtained using the identical initial conditions, i.e., X, = [xo, O]T, Xo € {7, 3x%,5x%,7x%,97}.

As shown in Fig. 2, ¥(0) = 0, matching the maximum Lyapunov exponent of the isolated periodic/quasiperiodic dynamics. As K
increases, synchronization is achieved immediately and maintained for the x—x (Fig. 2a) and y—y (Fig. 2d) couplings. The system's

dissipation, quantified by the long-time average (Trace(JF(X))) = <g—§ + g—§ + %> = (cos(x) ), decreases as trajectories move farther

from the origin. This reduction weakens synchronizability for x—x (Fig. 2a), where less dissipative manifolds (farther from the origin)
exhibit smaller |¥(K) |. Under y—y (Fig. 2d) coupling, the effect persists but is mild, and the curves nearly coincide.

For x—Yy (Fig. 2¢), the system remains broadly synchronizable, but zero-crossings appear for the less dissipative manifolds (red,
blue, pink), whereas the inner manifolds (navy and green) stay stable over the entire K range. In contrast, for y—x (Fig. 2b) syn-
chronization, if it occurs, appears only in narrow low-K windows near the first few lobes; beyond approximately K ~ 4, all curves
satisfy W(K) > 0, indicating loss of synchrony. Moreover, the less dissipative manifolds exhibit smaller or no stable windows and larger
positive V. Finally, Fig. 2c shows an attractor-specific minimum ¥, for each curve, an empirical feature not captured analytically.

Fig. 3 reports the master-stability analysis of System (6) with A =1 over 0 < K < 10 for four coupling configurations. As in the
unforced case, dissipation decreases as the attractors (manifolds) move farther from the origin. The long-time average dissipation rates
before (A = 0) and after (A = 1) are listed in Table 1, confirming that the system becomes less dissipative under forcing. The MSF
trends in Fig. 3 are largely preserved relative to Fig. 2: the x—x (panel a), y—y (panel d), and y—x (panel b) couplings show similar
patterns and stability behavior In contrast, under the x—y coupling (panel ¢), numerous zero crossings emerge—most prominently for
the innermost manifold (red), indicating intermittent transitions between stable and unstable synchronization intervals.

For better clarity, Fig. 4 illustrates the MSF pattern corresponding to the innermost attractor of the cabbage oscillator—the red
curves in Figs. 1 and 3—under the forcing term with A = 1 over two coupling ranges: K < [0, 10] (panel a) and K € [0,100] (panel b).
This figure reveals that numerous stability transitions occur for K<10; however, as K increases, the manifold stabilizes and maintains a
negative W(K), indicating that synchronization is achievable for K > 10. Furthermore, similar to Fig. 2c, the MSF curve exhibits a
specific minimum value ¥p,;;, which cannot be determined analytically.

Fig. 1. Coexisting attractors of the megastable cabbage oscillator (System 5) projected onto the x-y plane. (a) Autonomous case (A = 0) showing the
first five nested attractors obtained with initial conditions Xo = [xo, O]T for xo € {x,3x,5x,7%,9x}, The attractors exhibit a layered, “cabbage-like”
structure. (b) Forced case (A = 1) with initial conditions Xo = [xo,0]” for xo € {5x,77,9x}. The forcing term enriches the dynamics, resulting in the
coexistence of chaotic (red and blue) and quasiperiodic/torus (purple) attractors, and causes the merging of the three innermost attractors from the
unforced case into a single chaotic attractor (red). (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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y—X
b

Fig. 2. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the autonomous cabbage oscillator (variational System 8, A = 0)
over the normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling configurations: (a) x—x,
(b) y—x, (c) x—Y, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor (synchronization manifold)
selected by the initial conditions Xy = [xo, O]T, with xo € {r, 37, 57,77,9x}, matching the colors of the attractors in Fig. 1a. The plots reveal that
inner (more dissipative) attractors generally exhibit broader stability regions, and the choice of coupling channel critically determines the width and
existence of these stable windows.

3.2. Case B: the simplest sinusoidal megastable oscillator

As the second case study, we consider the simplest megastable oscillator with a single sinusoidal nonlinearity [33]. Using the same
notation as before, the original two-dimensional system is

x=-y, (C)]
¥y = 0.1x + sin(y) + Asin(0.7t).

By introducing t—z and z = 1, the system is recast in autonomous form:

X = -y,
¥ = 0.1x + sin(y) + Asin(0.7z), (10)
z=1,

where z serves as the time-like state.
Considering the autonomous form of System (10) as the dynamics on the synchronization manifold, the Jacobian along the syn-
chronous trajectory X = (x,y, 2) is

0 -1 0
JF(X) = [ 0.1 cos(y) 0.7Acos(0.72) |. (1D
0 0 0

Accordingly, based on Eq. (4), the variational equations are

iy = =1y = K[Cxxrlx + nyi’]y]7
il, = 0.1, + cos(y)n, + 0.7Asin(0.72)n, — K[Cxyl, + Cyylly |5 (12)
i, =0.

Fig. 5 illustrates the dynamics of the five innermost attractors of System (9) for A = 0 (autonomous case; panel a) and A = 0.85
(non-autonomous case; panel b), using the initial conditions X = [xo, O]T with x, € {16,32,52,72,92}. For each selected x, a distinct
attractor is obtained in both panels, and—unlike in Case A—no attractor merging occurs after introducing the forcing term. In the
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b 3 y—X

0 2 4 6 8 10

Fig. 3. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the forced cabbage oscillator (variational System 8, A = 1) over the
normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling configurations: (a) x—x, (b) y—x,
(¢) x—Y, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor (synchronization manifold) selected by the
initial conditions Xo = [xo,0]", with xo € {57, 7z, 97}, matching the colors of the attractors in Fig. 1b. Compared to the unforced case (Fig. 2), the
external forcing preserves the general stability trends for x—x, y—x, and y—y couplings. However, under the x—y coupling (panel c), the forcing
induces numerous zero-crossings, particularly for the innermost manifold, indicating intermittent transitions between stable and unstable syn-
chronization intervals.

Table 1

Long-time average dissipation rate, calculated as (Trace(JF(X))) = (cos(x) ), for the cabbage oscillator (System 5) before
(A = 0) and after (A = 1) introducing the external forcing term. The values are reported for the coexisting attractors
selected by different initial conditions [xo, Yo . The negative values indicate dissipative dynamics, and the trend shows that
outer attractors (larger xo) are less dissipative. Introducing the forcing term (A = 1) significantly reduces the overall
dissipation rate, making the system's dynamics less dissipative on average.

Forcing amplitude Initial setting [xo,Yq ] Dissipation rate (Trace(JF(X) ))
A=0 [7,0] —0.4643

[37,0] ~0.2729

57, 0] —0.2088

(7,0 —-0.1751

[97,0] ~0.1537
A=1 [57,0] —0.0522

(77,0 —-0.0153

[97,0] —0.0081

unforced system (panel a), the phase portraits form a strictly nested family of smooth closed curves, each corresponding to a period-1
limit cycle whose amplitude increases monotonically with |x,|. When the forcing is applied (panel b), the hierarchy is retained, but the
dynamics become richer: the innermost response (navy) exhibits chaotic motion; it is encircled by a period-3 orbit (green), and these
are enclosed by nested quasiperiodic trajectories (red, blue, and pink) associated with invariant tori. Collectively, the figure shows a
one-to-one correspondence between the chosen initial conditions and the realized attractors, while highlighting the transition from
purely periodic behavior in the autonomous case to a mixture of chaotic, periodic, and quasiperiodic motions under forcing.
Considering A = 0, Fig. 6 presents the Lyapunov analysis of System (12) for each attractor (representing the synchronization
manifold) shown in Fig. 5a, under the four one-to-one coupling configurations: x—x (panel a), y—x (panel b), x—y (panel c), and y—y
(panel d) within the range 0 < K < 10. Overall, the results indicate that synchronization is attainable for all positive K values in the
x—Xx, y—X, and y—y configurations, though the specific stability trends differ. The dissipation analysis (see Table 2), similar to that in
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Fig. 4. Extended analysis of the MSF ¥(K) for the innermost attractor (red curve in Fig. 1b) of the forced cabbage oscillator (variational System 8,
A = 1) under the x—y coupling configuration. The plots show ¥(K) over two different coupling ranges: (a) 0 < K < 10 and (b) 0 < K < 100. The
initial condition used is Xo = [57,0]". This extended view reveals that while numerous stability transitions (zero-crossings) occur for K<10, the MSF
curve eventually settles into a negative baseline for K > 10, indicating that stable synchronization is ultimately achievable at sufficiently high
coupling strengths. The presence of a specific minimum value, W, highlights the asymptotic stabilization of the manifold. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

a b
15
> 0
-15
-30
-80 -40 0 40 80
X X

Fig. 5. Coexisting attractors of the simplest sinusoidal megastable oscillator (System 9) projected onto the x-y plane. (a) Autonomous case (A = 0)
showing the five innermost nested period-1 limit cycles obtained with initial conditions Xy = [xo,0]" for xo € {16,32,52,72,92}. (b) Forced case
(A = 0.85) with the same initial conditions. Unlike the cabbage oscillator, introducing the forcing term does not cause attractor merging; instead, it
enriches the dynamics. The innermost response becomes chaotic (navy), a surrounding period-3 orbit emerges (green), and the outer trajectories
become quasiperiodic invariant tori (red, blue, and pink). (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

Case A, shows a gradual reduction in dissipativity for outer attractors. This decline influences the synchronization stability: in the x—x
(Fig. 6a), |¥(K) | decreases for outer manifolds, signifying weaker stability farther from the origin. A similar but milder trend appears
under y—y (Fig. 6d), where the curves exhibit comparable shapes but smaller variations. In both cases, the stability decays approx-
imately exponentially with K, albeit with different rates of decline.

For the y—x configuration (Fig. 6b), the stability curves display oscillatory patterns with several loops, yet they remain entirely
below the zero line, meaning the synchronous state persists despite the modulations. The baseline of these oscillations shifts closer to
zero for outer attractors, consistent with the lower dissipativity observed. In contrast, under x—y coupling (Fig. 6¢), synchronization
cannot be sustained except for a narrow interval at small K values. This interval is practically negligible and would vanish in networks
where the Laplacian eigenvalues are widely spread. Notably, even when ¥(K) remains positive, the qualitative trend of the MSF curves
is preserved across all attractors, reflecting a consistent dynamical response structure.

Based on the values in Table 2, the system's dissipativity, defined as (Trace(JF(X))) = (cos(y)), decreases markedly when the
forcing term is applied, even though the dynamics become richer and more complex. Fig. 7 presents the master-stability analysis for
A = 0.85. Comparing Figs. 6 and 7 shows that the MSF patterns are essentially preserved for x—x (panel a), x—y (panel c), and y—y
(panel d): in x—x and y—y, the curves remain strictly negative over 0 < K < 10 (synchronizable throughout), whereas in x—y they
remain strictly positive (unsynchronizable almost throughout). In contrast, with y—x coupling (panel b), the MSF changes
substantially—oscillatory lobes introduce zero crossings, producing alternating stable/unstable K intervals. The baseline level of ¥(K)
is consistent with the dissipation trend, but the detailed pattern is not. For example, the green curve—corresponding to the period-3
attractor in Fig. S5b—attains the largest positive ¥ over several K ranges and thus generates multiple zero crossings.

Fig. 8 illustrates the variation of W(K) for the y—xcoupling configuration, computed using the initial condition Xy = [xo,yo] T =
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10

Fig. 6. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the autonomous simplest sinusoidal oscillator (variational System
12, A = 0) over the normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling configurations:
(a) x-x, (b) y—x, (c) x—Y, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor (synchronization
manifold) selected by the initial conditions Xy = [xo, O]T, with xo € {16,32,52,72,92}, matching the colors of the attractors in Fig. 5a. Synchro-
nization is broadly attainable for positive K in the x—x, y—x, and y—y configurations, though stability weakens for outer (less dissipative) man-
ifolds. Notably, under x—y coupling (panel c), synchronization is largely unsustainable except for a negligible interval at very small K.

Table 2

Long-time average dissipation rate, calculated as (Trace(JF(X))) = (cos(y) ), for the simplest sinusoidal oscillator (System
9) before (A = 0) and after (A = 0.85) introducing the external forcing term. The values are reported for the coexisting
attractors selected by different initial conditions [xo, yo}. Similar to the cabbage oscillator, outer attractors exhibit lower
dissipation rates. The application of the forcing term significantly reduces the overall dissipation, indicating that the richer,
more complex dynamics induced by forcing are accompanied by a decrease in the system's average dissipativity.

Forcing amplitude Initial setting [xo.Y, ] Dissipation rate (Trace(JF(X) ) )

A=0 (16,0] ~0.4694
32,0] ~0.2749
[52,0] ~0.2008
(72, 0] ~0.1757
92,0] ~0.1540

A =085 [16,0] ~0.2348
(32, 0] ~0.1110
(52.0] -0.0945
72,0] ~0.0847
(92, 0] ~0.0759

[32,0]", which corresponds to the green period-3 attractor in Fig. 5b. Fig. 8a shows the results over 0 < K < 10, while Fig. 8b extends

the range to 0 < K < 100. The plots reveal that several zero-crossing points occur for K<30, where the oscillatory lobes of the MSF
curve repeatedly intersect the zero line, leading to alternating stability and instability intervals. For K > 30, the amplitude of these
lobes diminishes significantly, and no further zero crossings are observed, indicating that the system settles into a stable synchroni-
zation regime. Additionally, a minimum baseline value, ¥p;;n, can be identified, which becomes more evident at larger K values,
highlighting the asymptotic stabilization of the synchronization manifold.
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Fig. 7. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the forced simplest sinusoidal oscillator (variational System 12, A =
0.85) over the normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling configurations: (a)
x—x, (b) y—x, (¢) x—y, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor (synchronization manifold)
selected by the initial conditions X, = [xo,0]", with xo € {16, 32,52,72,92}, matching the colors of the attractors in Fig. 5b. Comparing with the
unforced case (Fig. 6), the MSF patterns are largely preserved for x—x, x—y, and y—y couplings. However, under the y—x coupling (panel b), the
forcing introduces substantial changes: the previously stable oscillatory lobes now cross the zero line, producing alternating stable and unstable
synchronization intervals, with the period-3 attractor (green) exhibiting the most pronounced instability. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Extended analysis of the MSF ¥(K) for the period-3 attractor (green curve in Fig. 5b) of the forced simplest sinusoidal oscillator (variational
System 12, A = 0.85) under the y—x coupling configuration. The plots show ¥(K) over two different coupling ranges: (a) 0 < K < 10 and (b)
0 < K < 100. The initial condition used is X, = [32,0]". The extended range reveals that while the MSF curve exhibits multiple zero-crossings and
oscillatory lobes for K<30, the amplitude of these oscillations diminishes significantly for K > 30. The curve eventually settles below the zero line,
indicating asymptotic stabilization of the synchronization manifold at sufficiently high coupling strengths. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

3.3. Case C: a mixed tanh-exponential megastable system

As the third and final case, we consider a system with both hyperbolic-tangent and exponential nonlinearities, capable of exhibiting
two classes of attractors at small and large spatial scales [34]. The non-autonomous formulation is
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x = tanh(y),

y = —0.09x + ycos(x) + xexp (@) tanh(x) + Asin<\/§ t) ' (13)
Introducing t—z with z = 1 yields the autonomous form

x = tanh(y),

¥ = —0.09x + ycos(x) + xexp < - (x—530)2> tanh(x) + Asin(\/§ z) , a4

z=1.

Treating System (14) as the dynamics on the synchronization manifold, the Jacobian along a synchronous trajectory X = (x,y, 2) is

0 sech®(y) 0
JFX)=|p cos(x) +/3Acos (\/52) 5 (15)
0 0 0

where

p = —0.09 —ysin(x) +exp ( - @) {tanh(x) - <M)tanh(x) + xsech?(x) |.

According to Eq. (4), the variational equations are

i1, = sech? o, —K [Cxally + Cyxlly ]
fly = pn, + cos(x)n, + V3Acos (\/§z> 1y — Kcoh, + cyny |, (16)
i, = 0.

For A = 0 (autonomous version), the four innermost attractors of System (13), obtained with initial conditions X, = [xo, O]T with
Xo € {2,10, 15,25}, are shown in Fig. 9a. These attractors form smooth, symmetric, and closed trajectories that correspond to period-1
oscillations, with amplitude increasing gradually as x, grows. When the forcing term is introduced (A = 2.7), as illustrated in Fig. 9b,
the system's qualitative behavior changes significantly. The inner trajectories develop irregular distortions and folding, indicating the
onset of chaotic motion, while the outer attractors broaden into multi-loop structures with quasiperiodic/chaotic features. Overall, the
forcing term enriches the system dynamics, introducing a coexistence of regular and chaotic regimes that reflect the strong interplay
between the tanh and exponential nonlinearities.

Fig. 10 presents the MSF ¥(K) for the variational System (16) associated with the attractors in Fig. 9a (A = 0) over 0 < K < 10.
Under x—x coupling (panel a), all curves remain strictly negative across the range, so the synchronous state is stable; stability is
strongest for the innermost attractor (navy) and weakens outward, as indicated by smaller |¥(K) | for the green, red, and blue curves.
For y—x (panel b), ¥(K) is positive over most of the interval with only narrow dips below zero, implying that synchronization is
generally not sustained. With y—y coupling (panel d), the curves start negative but cross the zero line at a finite K and remain slightly
positive thereafter; thus, any synchrony is confined to a narrow low-K window near the origin, and for larger K the MSF is positive and
synchronization is not achievable.

a so
40!
> 0 %&
-40
80" ' ‘ ‘
20 10 0 10 20 20  -10 0 10 20
X X

Fig. 9. Coexisting attractors of mixed tanh-exponential megastable system (System 13) projected onto the x-y plane. (a) Autonomous case (A = 0)
showing the four innermost smooth, symmetric period-1 limit cycles obtained with initial conditions X, = [xo, 0] for x, € {2,10,15,25}. (b) Forced
case (A = 2.7) with the same initial conditions. The introduction of the forcing term significantly alters the qualitative behavior: the inner tra-
jectories develop irregular distortions indicating chaotic motion, while the outer attractors broaden into multi-loop structures exhibiting quasi-
periodic and chaotic features.
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Fig. 10. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the autonomous mixed tanh-exponential oscillator (variational
System 16, A = 0) over the normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling
configurations: (a) x—x, (b) y—x, (¢) x—y, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor
(synchronization manifold) selected by the initial conditions X, = [xo,0]", with xo € {2,10,15,25}, matching the colors of the attractors in Fig. 9a.
The plots show that under x—x coupling, all attractors are synchronizable, with stability weakening outward. Under y—x and y—y couplings,
synchronization is largely unattainable or confined to very narrow low-K windows. The x—Yy coupling (panel c) exhibits alternating stability
windows, heavily dependent on the specific attractor.

The x—y case (panel c) shows alternating stability windows: the innermost (navy) curve is negative throughout; the green curve
stays negative with shallow plateaus; the red and blue curves are predominantly positive but cross below zero in limited K intervals
near the prominent lobes. Consistent with Table 3, outer attractors are less dissipative, which appears as reduced stability (curves
closer to zero) in the stable configurations and as a higher positive baseline in the unstable ones.

Unlike the two previous cases, introducing the forcing term here almost increases dissipativity, quantified by (Trace(JF(X))) =
(cos(x) ). Fig. 11 reports the master-stability analysis for A = 2.7 across the four coupling configurations. The overall trends are largely
preserved: under x—Xx (panel a), the curves remain strictly negative over 0 < K < 10 (robust synchronizability), and under y—x (panel
b), they remain strictly positive (no synchrony). With y—y coupling (panel d), the MSF is initially negative for small K, indicating a
short region of stability. However, as K increases, all curves cross the zero line and become positive, gradually approaching zero from
above. This shows that synchronization is only possible in a narrow low-K interval, while for larger K values the system loses stability
and synchronization cannot be achieved.

The most pronounced change appears in the x—y configuration (panel c). Stability windows shrink markedly: the innermost
manifold (navy) develops a broad positive lobe—becoming unstable over a finite K interval, while the other manifolds (green, red,
blue) show enlarged positive regions and fewer/shallower negative dips. In short, forcing degrades synchronizability for x—y
configuration, while leaving the qualitative behavior of the other couplings essentially unchanged.

A closer inspection of the red curve in Fig. 11c, corresponding to the third attractor in Fig. 9b, is provided in Fig. 12a for clarity. This
MSF pattern exhibits several zero-crossing points within the interval 0 < K < 10, suggesting intermittent transitions between stable
and unstable regions. To verify whether these oscillations persist or decay with increasing K, the analysis was extended to 0 < K < 100,
as shown in Fig. 12b. Unlike the previous cases, the MSF pattern here maintains its oscillatory structure over the entire range, with
numerous lobes and frequent zero-crossing points, rather than damping toward a negative baseline. This behavior indicates that the
synchronization manifold remains highly sensitive to variations in coupling strength. Since the stability windows are extremely narrow
and scattered, the system is effectively unsynchronizable, particularly in networks where the Laplacian eigenvalue spectrum spans a
broad range.
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Table 3

Long-time average dissipation rate, calculated as (Trace(JF(X))) = (cos(x)), for the mixed tanh-exponential oscillator
(System 13) before (A = 0) and after (A = 2.7) introducing the external forcing term. The values are reported for the
coexisting attractors selected by different initial conditions [xo,yo|. Unlike the previous two cases, introducing the forcing
term in this system slightly increases the overall dissipation rate (making it more negative), although outer attractors
consistently remain less dissipative than inner ones.

Forcing amplitude Initial setting [xo,Yo] Dissipation rate (Trace(JF(X) ))

A=0 2,0] —0.3986
(10,0] —0.1356
15,0] ~0.0711
(25,0] —0.0474

A=27 2,0] —0.4530
[10,0] ~0.1501
(15,0] —0.0885
25,0] —0.0451

X = X — X
a b g

0 2 4 6 8 10 0 2 4 6 8 10

Fig. 11. MSF, defined as the maximum transverse Lyapunov exponent ¥(K), for the forced mixed tanh-exponential oscillator (variational System
16, A = 2.7) over the normalized coupling strength range 0 < K < 10. The four panels correspond to the four single-variable coupling configu-
rations: (a) x—x, (b) y—x, (c) x—Yy, and (d) y—y. Each colored curve represents the MSF evaluated on a specific coexisting attractor (synchroni-
zation manifold) selected by the initial conditions Xy = [xo, 0] T withxo € {2,10,15, 25}, matching the colors of the attractors in Fig. 9b. The overall
stability trends are largely preserved compared to the unforced case (Fig. 10) for x—x, y—Xx, and y—y couplings. However, under the x—y coupling
(panel c), the forcing severely degrades synchronizability: the innermost manifold develops a broad positive lobe, and the other manifolds show
enlarged unstable regions, indicating that forcing fragments the stability windows in this configuration.

4. Conclusions

This work investigated synchronization in megastable systems by applying the master-stability framework across multiple coex-
isting attractors and coupling channels. Across three representative oscillators, we found that synchronization is strongly attractor-
dependent and channel-specific. Inner attractors—typically more dissipative—support wider and more robust stability ranges,
whereas outer, less-dissipative attractors exhibit weaker or lost synchrony. The broadcast channel (e.g., which state is coupled into
which equation) decisively shapes the attainable synchronization regime, often more than the coupling magnitude itself.

External forcing enriches the local dynamics (periodic, quasiperiodic, and chaotic responses) but does not uniformly enhance
synchronizability. In several instances, forcing preserved the qualitative MSF pattern; in others, it fragmented stability into narrow
windows or shifted it to low-K neighborhoods. These outcomes underline a key principle: in megastable settings, dissipativity and
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Fig. 12. Extended analysis of the MSF ¥(K) for the third attractor (red curve in Fig. 9b) of the forced mixed tanh—exponential oscillator (variational
System 16, A = 2.7) under the x—y coupling configuration. The plots show ¥(K) over two different coupling ranges: (a) 0 < K < 10 and (b)
0 < K < 100. The initial condition used is X, = [15,0]". Unlike the previous cases where the MSF eventually stabilized, this plot reveals that the
oscillatory structure with frequent zero-crossings persists over the entire extended range up to K = 100. This indicates that the synchronization
manifold remains highly sensitive to coupling variations, and the extremely narrow, scattered stability windows render the system effectively
unsynchronizable in networks with broad Laplacian spectra. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

signal routing through the coupling function govern collective behavior more than any single parameter.

A central and unexpected finding is the appearance of MSF curves with numerous zero-crossing points that persist over broad
coupling ranges. This oscillatory pattern—rare in the literature—implies recurrent transitions between stability and instability,
making global synchronization practically unattainable for networks with widely spread Laplacian spectra. In such cases, even small
mismatches in effective coupling across modes prevent all eigenmodes from lying in the same stability interval. Regarding the
generalizability of these findings, it is important to clarify that the emergence of such specific oscillatory MSF patterns may not be a
universal feature of all megastable systems. Whether this phenomenon is fundamentally associated with megastability itself or strictly
tied to the specific dynamical structures of the benchmark oscillators analyzed here requires further investigation across a broader
variety of megastable systems. Additionally, our observations indicate that the pronounced oscillatory behaviors predominantly
emerge for the inner attractors. Whether similar behaviors could emerge for attractors farther from the origin and how this specifically
relates to the spatial decrease in dissipativity can be investigated in a future study.

Furthermore, our analysis reveals that the highly fragmented oscillatory MSF patterns with numerous zero-crossings predomi-
nantly emerged under specific cross-coupling configurations (e.g., x—y or y—x). Under self-coupling (x—x or y—y), the MSF curves
typically remained monotonic or exhibited broad, contiguous stability windows. However, it is important to note that this is an
observed result specific to the dynamics and coupling matrices analyzed in this study, rather than an inherent mathematical rule.
Whether this strong dependence on cross-coupling is an inherent feature of megastable systems in general or strictly tied to the specific
nonlinearities of the benchmark oscillators analyzed here requires further investigation across a broader variety of megastable and
general nonlinear systems.

Our observations also indicate that the pronounced oscillatory MSF patterns—specifically the multiple zero-crossings that fragment
the stability windows—mostly emerge and become significantly more severe after the external forcing term is introduced. Importantly,
in the forced regime, these oscillatory patterns are observed for both chaotic and periodic (or quasiperiodic) manifolds. This dem-
onstrates that the oscillatory MSF behavior is not an exclusive signature of chaotic dynamics, but rather a general feature arising from
the interplay between the external forcing, the megastable local dynamics, and the specific coupling channels.

While the MSF framework is highly effective for megastable systems with discrete attractors, its direct application to extreme
multistability presents fundamental challenges. In extreme multistability, an uncountable continuum of attractors coexists, resulting in
a continuous dependence on initial conditions. Consequently, the complete synchronous manifold is highly fragile; any infinitesimal
perturbation causes the oscillators to drift onto different attractors. Therefore, while it is theoretically possible to formulate and
compute the MSF for such systems, the continuous nature of the attractor family ensures that any infinitesimal perturbation will cause
the oscillators to drift apart, rendering complete synchronization practically unachievable.

Moreover, the specific oscillatory MSF patterns reported here are highly sensitive to the chosen coupling function. This study
focused on linear diffusive coupling due to its physical relevance and standard role in the MSF framework. Employing other coupling
schemes, such as nonlinear or delayed functions, would modify the variational equations and inevitably alter the resulting MSF curves.
Investigating how different coupling architectures interact with the infinite coexisting attractors of megastable systems remains a
compelling direction for future research.

The practical implication of these repeated stability-instability transitions is that real-world networks operating in these regimes
will struggle to maintain global synchrony. Instead of a smooth transition to a coherent state, slight parameter mismatches or noise will
cause the network to experience an intermittent loss of coherence or chaotic itinerancy between synchronized and desynchronized
states. Consequently, identifying and avoiding these oscillatory MSF regimes is crucial for ensuring robust network operation.

These findings hold significant potential for applications in neuromorphic computing, where selectively synchronizing specific
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attractors could be harnessed for multi-task memory storage, as well as in critical infrastructure like power grids, where avoiding
fragmented stability is essential. However, a key limitation of this study is its restriction to linear diffusive coupling and identical
benchmark oscillators. Future research must extend these findings to heterogeneous networks and complex coupling mechanisms to
fully capture real-world complexities.

Overall, the study delineates how megastability reshapes classical expectations about network synchronization: stability depends
not only on “how much” the oscillators are coupled, but also on which attractor is selected and how the coupling injects information.
These insights inform the design and control of multistable networks, suggesting that reliable synchrony, when possible, requires
careful selection of initial conditions, coupling architecture, and forcing amplitude. Future work could extend these results to het-
erogeneous networks, time-varying or adaptive couplings, and experimental realizations where the narrow stability windows
discovered here are especially consequential.
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