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This study presents a new three-dimensional circulant chaotic system with both conservative
and dissipative dynamics. It is characterized by six coexisting symmetric seas. The system’s
governing equations exhibit circulant symmetry, ensuring invariance under cyclic permutations
of variables, and incorporate cubic nonlinearities that give rise to complex dynamics. Through
a detailed analysis, we demonstrate the system’s rich behavior, including equilibrium points,
bifurcations, Lyapunov exponent spectra, and the region occupied by the chaotic sea structures.
The dynamics are distinct in their regions of initial conditions, highlighting the multistability.
Bifurcation analysis reveals transitions between chaotic, periodic, dissipative, and conserva-
tive regimes, while Lyapunov exponents confirm the existence of conservative and dissipative
dynamics. The extent of the chaotic seas exhibits sharp boundaries of chaotic dynamics which
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are discussed mathematically. Also, it shows embedded quasi-periodic invariant tori, further
enriching the system’s complexity. This work advances the understanding of symmetric chaotic

systems.
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1. Introduction

Chaotic systems have long captivated researchers
due to their rich dynamical behavior and wide-
ranging applications, including secure communi-
cation [Li et al., 2020a; |Obaid et al., [2025; Xu
et al), [2023a, random number generation [Kop-
parthi et al., [2022; Tamba et all) 2025, and neu-
ral modeling [Chen et al., [2025; Bao et al., 2025;
Vignesh et al.,2025]. Neural circuits have attracted
significant attention in this context [Xu et al.,
2023b; Xu et al, 2023c¢; Xu et al, 2020]. One
of the defining features of chaos is its sensitivity
to initial conditions, which gives rise to complex,
unpredictable trajectories that are deterministic in
nature [Sprott, 2010]. Over the years, various classes
of chaotic systems have been explored [Barathi
et all 2025; [Wang et all 2024], including those
with no equilibrium points [Yang et al.) [2021]
and multiple coexisting attractors [Vaidyanathan
et al.l 2021]. Among these, symmetric systems offer
unique insights into the interplay between structure
and dynamics [Wang et al., 2022].

The topology of attractors in chaotic flows is
significantly influenced by symmetry. In particular,
rotational or permutation symmetry can lead to the
emergence of attractors that are related through
symmetry transformations [Xu et al.l2023b|. These
attractors often exhibit elegant spatial arrange-
ments, making them of interest from both theo-
retical and practical perspectives [Li et al., 2020Db].
Circulant systems, characterized by equations that
remain invariant under cyclic permutations of the
state variables, are recognized as an important sub-
class of symmetric chaotic systems [Sprott}, 2010].
The structured dynamics of such systems render
them particularly suitable for analytical studies and
real-world implementations [Yousfi et al. [2024].
Recent studies have reported chaotic systems with
multiple coexisting attractors arranged under vari-
ous types of symmetry |[Azam et all, 2022).

To the best of our knowledge, the system pre-
sented in this paper is the first Three-Dimensional
(3D) autonomous chaotic flow with circulant sym-
metry to exhibit six coexisting conservative chaotic

seas, organized into two symmetry-related groups.
Each sea originates from a distinct basin of attrac-
tion, yet all maintain topological equivalence under
cyclic permutations of the state variables — a direct
consequence of the system’s underlying symmetry.
Remarkably, the boundaries separating these seas
are sharp and mathematically well defined, in stark
contrast to the typically fractal or riddled bound-
aries observed in multistable chaotic systems. We
provide a rigorous geometric explanation for these
boundaries by analyzing the unstable manifolds
of saddle equilibrium points, establishing a direct
link between local linearized dynamics and global
phase-space organization — an approach not pre-
viously reported in the study of symmetric or
circulant chaotic systems. Furthermore, the sys-
tem displays a rich interplay between conservative
and dissipative dynamics under parameter varia-
tion, hosting embedded quasi-periodic invariant tori
alongside chaotic seas. These features collectively
satisfy Sprott’s second criterion for novelty [Sprott,
2011] — the exhibition of previously unobserved
dynamical behavior — and underscore the system’s
significance as a new paradigm in the study of struc-
tured chaos.

This work is organized as follows: Sec.
presents the mathematical formulation of the sys-
tem. Section [3| analyzes its dynamical behavior,
including equilibria, phase portraits, bifurcations,
and Lyapunov spectra. Section [4] investigates the
regions occupied by the chaotic seas, and their
boundaries are analyzed mathematically. Section
discusses the implications and possible applications
of the observed dynamics.

2. Mathematical Model

This work describes a distinctive 3D-chaotic sys-
tem defined by circulant symmetry, which accom-
modates six coexisting chaotic seas. The system
incorporates cubic and quadratic nonlinearities.
The combination of these two types of polyno-
mial nonlinearities is deliberately chosen to balance
structural simplicity with the capacity to produce
rich, organized chaos. Through extensive numerical
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exploration, we find that this specific blend enables
the emergence of six coexisting conservative chaotic
seas with sharp basin boundaries, a phenomenon
that appears highly sensitive to the form and bal-
ance of nonlinear terms. The following are the sys-
tem’s governing equations:

i =a(y+2)+ by +2°) + cly + 2)a?,
Yy =a(z+z) +b(z3+x3) +c(z+af)y2, (1)
s =a(z+y)+ bz +93) + clz + y)2*

The parameters are a = 5, b = —1, and ¢ = 1.
Since this system maintains circulant symmetry,
every equation may be derived from the others by
cyclically permuting the variables x — y — 2z — .
Furthermore, the system exhibits symmetry about
the origin, which means the equations have inver-
sion symmetry (z,y, 2) — (—z, —y, —z). Such sym-
metries play a crucial role in the emergence of
multiple symmetric dynamics. The nonlinear terms
include cross-couplings, which contribute to com-
plex stretching and folding mechanisms essential for
generating chaotic behavior. Specifically, the terms
b(y? + 23), b(z3 + 23), and b(z® + y?) introduce
strong nonlinearity, while the terms c(y + 2)a2,
c(z+x)y?, and c(x +1)2z? modulate the interaction
strength depending on the state of the system.

3. Dynamical Behavior and Analysis

The system’s dynamical characteristics, encompass-
ing equilibrium points, Lyapunov Exponents (LEs),
and bifurcations, can be further examined using the
formulation of the previous section, which serves as
the basis for the discussion in the following.

3.1. Equilibrium points and stability

We start by examining the equilibria of the sug-
gested model in order to comprehend its basic
dynamical behavior. The temporal derivatives &, ,
and Z are set to zero to obtain these points:

aly 4+ 2) + b(y® + 23) +c(y + 2)2* = 0,
a(z+z) +b(22+ 23 +e(z+2)y? =0,  (2)
a(z+y) + bz’ + y*) + c(z + y)z* = 0.

The parameters are a = 5, b = —1, and ¢ =
1. Each equation is a cyclic permutation of the
others because of the system’s circulant sym-
metry. Accordingly, any solution (ze,ye,2e) will
have two additional solutions produced by cyclic

Table 1. Equilibrium points and their corresponding eigen-
values for the proposed system with parameters a = 5,
b=—1,and c=1.

Equilibrium Coordinates (z,y, z) Eigenvalues

Eq, (0, 0, 0) ~5, -5, 10

Eqy (—1. 291 2.582, 2.582) 15, —7.5£11.99:
Eqs (2.582, 2.582, —1.291) 15, =7.5£11.99¢
Eqy (2.582, —1.291, 2.582) 15, —7.5 £ 11.99:
Eqs (1.291, —2.582, —2.582) 15, —7.5 +11.99:
Eqg (—2.582, —2.582, 1.291) 15, —=7.5 +£11.99:
Eq; (—2.582, 1.291, —2.582) 15, —7.5 +11.99:
Eqg (0, 0, 2.2361) -5, 2.5 £13.91944
Eqqg (0, 2.2361, 0) —5, 2.5 + 13.9194i
Eqq9 (2. 2361 0, 0) —5, 2.5 4+13.9194:
Eqq; (0, 0, —2.2361) -5, 2.5 £13.91944
Eqys (0, —2 2361, 0) —5, 2.5 + 13.9194i
Eq3 (—2.2361, 0, 0) —5, 2.5+ 13.9194i

permutations of its constituent parts. Also, for each
equilibrium except (0,0,0) (which is symmetric
itself), each equilibrium has a dual with symmetry
around the origin. By solving Eq. , 13 equilibria
are shown in Table [11

The Jacobian matrix is assessed at each equilib-
rium to determine its local stability. The following
is the Jacobian matrix:

2cx(y+2)  a+3by®+cx? a+3b2% +cx?
J=|a+3bz?+cy? 2cy(z+x) a+ 3b2% + cy?
a+3bx® +c2? a+3by?+cz®  2cz(z+vy)

(3)
The Jacobian matrix is assessed at each fixed point,
and the characteristic equation is then created by
solving det(A — Jac) = 0. Each equilibrium’s sta-
bility type is ascertained using the eigenvalues. The
eigenvalues corresponding to each equilibrium point
are presented in Table
The eigenvalues show that there are both real
and complex eigenvalues throughout the equilib-
ria, suggesting a combination of spiral and nodal
dynamics. All of the equilibrium points are saddle,
having both negative and positive real parts in their
eigenvalues. These unstable equilibria may serve as
repellers, guiding trajectories into chaotic regions.
The interplay between the equilibria is believed to
contribute to the formation of the six coexisting seas
discussed in subsequent sections.

3.2. Phase portraits and the seas
visualization

Under the chosen parameter set a =5, b = —1, and
¢ = 1, the suggested system displays six different
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Table 2. Initial conditions used to reveal the six
coexisting chaotic seas and their corresponding
color coding in phase portraits.

Label Initial Condition (zg, yo, 20) Color
1Cy (—4, 5.5, 2.4) Azure
1C5 (5.5, 2.4, —4) Green
1Cs (2.4, —4, 5.5) Purple
(e (0.54, 1.83, —2.26) Blue

1Cs (—2.26, 0.54, 1.83) Black
1Cgq (1.83, —2.26, 0.54) Red

chaotic seas that coexist in phase space, each asso-
ciated with a specific set of initial conditions. The
dynamics exhibit a symmetric configuration cen-
tered around the origin. The six selected initial con-
ditions are as shown in Table 2l

Due to the circulant structure of the govern-
ing equations, all dynamics preserve the system’s

Fig. 1.

overall symmetry. This system exhibits a complex
geometric structure of the dynamics, as illustrated
in Fig. [l The LEs of the chaotic dynamics are
(0.964,0,—0.964). The sum of the LEs equals zero,
so the dynamics are conservative, and they are
called the chaotic seas.

The system exhibits two distinct groups of
chaotic seas, each characterized by circulant sym-
metry, wherein the dynamics of one sea in a group
can be derived from another through cyclic permu-
tation of the variables. Also, the seas of the two
groups are symmetric around the origin. These seas
are illustrated in Fig. [2, where each group is sep-
arately visualized: the first column presents pro-
jections of the trajectories of each group onto the
x—y plane, highlighting their symmetric spatial dis-
tribution in each group, while the second column
displays their 3D structure. This dual representa-
tion emphasizes the complex orbital behavior of the

(d)

Chaotic dynamics of Eq. correspond to the initial conditions ICy, ICs, IC3, ICy, IC5, and ICg, colored by azure,

green, purple, blue, black, and red, respectively, in (a) z—y plane; (b) z—z plane; (c) y—z plane and (d) z—y—z space.
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Fig. 2. Chaotic dynamics of Eq. correspond to the initial conditions ICy, IC2, IC3 in the first row and 1C4, ICs, ICg in
the second row in (a) z—y plane; (b) z—y—z space; (¢) z—y plane and (d) z—y—=z space.

dynamics, offering a comprehensive view of the mul-
tistable organization within the system.

3.3. Bifurcation analysis

To explore the dynamical transitions of the model
as parameters are varied, we perform a comprehen-
sive bifurcation analysis using forward and back-
ward continuation techniques. In the forward (back-
ward) continuation method, a first set of initial
conditions is selected, then by increasing (decreas-
ing), the bifurcation parameter, the initial condi-
tions are chosen from the end of the trajectory of the
previous parameter. This analysis reveals how the
system’s behavior changes across different param-
eter regimes, highlighting the emergence of vari-
ous dynamics and their sensitivity to parameter
perturbations. The bifurcations are plotted using
three distinct initial conditions corresponding to the

first group of circulant symmetric coexisting chaotic
seas. The second group shows the same bifurcations
as the first one.

The first case examines the effect of varying the
parameter a, which is plotted with the backward
reinitiation method. The bifurcation diagram pre-
sented in Fig. [3] illustrates the evolution of dynam-
ics as a is decreased from 5 to 0. The diagram of
part (a) of the figure is constructed by plotting
the maximum value of the x-coordinate (Zmyax) over
time for each fixed value of a, using three distinct
initial conditions corresponding to the first group
of circulant symmetric coexisting chaotic seas. The
second group shows the same bifurcations as the
first one.

The bifurcation diagram in Fig. [3 illustrates
that as a is decreased, the boundaries of the dynam-
ics become smaller. This reduction in boundary
size suggests a contraction of the chaotic regions,
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(c)
Fig. 3. Bifurcation diagram of the system by varying a with backward continuation and the first set of initial conditions
IC; = (—4,5.5,2.4) for azure diagram, ICy = (5.5,2.4, —4) for green diagram, and IC3 = (2.4,—4,5.5) for purple diagram;

(a) The maximum values of z, named Zmax; (b) Yymax and (c) zmax are plotted as a function of a, showing transitions between
periodic and chaotic behavior. A narrow periodic window is observed across the parameter range.
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indicating a transition toward more localized or
less extensive dynamics. To further elucidate the
symmetry properties of the system, we compare
the bifurcation diagrams for Tmax, Ymax, and Zmax.
These comparisons reveal the circulant symmetry of
the three dynamics of the first group. This circulant
structure ensures that the dynamics of each trajec-
tory are topologically equivalent, with their behav-
iors mirroring one another through cyclic variable
permutations. Moreover, the consistent spacing and
overlapping regions across these diagrams empha-
size the multistable nature of the system, where
multiple dynamics coexist under different initial
conditions.

The second case involves the bifurcation dia-
gram obtained by varying the parameter b (Fig. .
The diagram is generated using forward continua-
tion method, starting from b = —1 and employing
the first initial conditions ICy, ICy, and ICs, which
correspond to three distinct seas belonging to the
first group. As b increases, the chaotic dynamics
expand, occupying increasingly larger domains in
the state space.

Notably, within the interval b € [—0.57, —0.55],
a significant periodic window is observed, where the
system reverts to regular dynamics. This window
suggests the presence of an underlying organizing
structure within the chaos. The alternation between
chaotic and periodic behavior across the parameter
range highlights the complex interplay between sta-
bility and instability in the system.

The third case involves the bifurcation diagram
derived by altering ¢ (Fig. [f]), which governs the
strength of the quadratic nonlinear coupling in the
system. The diagram is generated using both for-
ward and backward continuation methods, start-
ing from ¢ = 1. Initial conditions IC;, ICs, and
1C3 are employed, corresponding to three distinct
dynamics belonging to the first group. For values
of ¢ < 0.99, the system exhibits periodic behavior.
These dynamics suggest stable limit cycles or regu-
lar oscillations, with trajectories converging to pre-
dictable patterns in phase space. At ¢ = 0.99, a cri-
sis occurs, marking the sudden emergence of chaotic
dynamics. Notably, two other periodic windows are
observed within the chaotic regime. A periodic win-
dow appears in the interval ¢ € [1.76,1.8], where
the system temporarily reverts to regular dynamics
before returning to chaos. Another periodic window
is observed near the upper end of the studied inter-
val, specifically in ¢ € [2.96,3]. These alternating

regions of chaos and periodicity highlight the com-
plex interplay between order and disorder within
the parameter space and underscore the richness of
the dynamic behavior. Furthermore, the symmetry
among the three dynamics is clearly reflected in the
bifurcation diagrams of Timax, Ymax, and Zmax-

The bifurcation analysis reveals a rich land-
scape of dynamical behavior in the proposed sys-
tem, ranging from periodic motion to fully devel-
oped chaos punctuated by crisis events, abrupt
transitions, and periodic windows. Each parameter
variation — whether in a, b, or ¢ — demonstrates
the system’s sensitivity to changes in its structure
and confirms the coexistence of multiple dynamics.
Notably, the circulant symmetry of the system is
consistently reflected in the bifurcation diagrams,
with dynamics appearing as cyclic permutations
of one another. This symmetry not only enhances
the visual organization of the dynamics but also
underpins the system’s multistability, enabling the
structured coexistence of dynamics. These findings
provide a deeper understanding of how symmetric
nonlinear systems can support complex, yet orga-
nized, chaotic behavior — an insight with poten-
tial applications in secure communication, random
number generation, and neuromorphic computing.

3.4. Lyapunov exponent spectra

To gain deeper insights into the dynamics of the
circulant conservative chaotic system, we analyze
its LEs. The LEs provide a measure of the model’s
sensitivity to initial conditions and help distinguish
between different types of dynamics, such as peri-
odic, chaotic, conservative, and dissipative behav-
iors. The results of this analysis are illustrated in
Fig. [6] where we examine the variation of LEs with
respect to key system parameters. The LEs are com-
puted using the Wolf method [Wolf et al.| [1985] and
run time 20 000.

In Fig.[6|a), the LEs of the system are presented
as a function of parameter a. Throughout the stud-
ied interval, chaotic behavior is exhibited by the
system, as evidenced by the presence of one posi-
tive LE. Notably, the dynamics are confirmed to be
conservative, as the magnitudes of the positive and
negative LEs are observed to be equal, ensuring the
preservation of phase space volume.

In Fig. [6|(b), the system’s dynamics are studied
by changing parameter b. The transition between
periodic and chaotic regimes is depicted. In the
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()

Fig. 4. Bifurcation diagrams by varying parameter b and forward continuation method and the first set of initial conditions
IC; = (—4,5.5,2.4) for azure diagram, ICy = (5.5,2.4,—4) for green diagram, and IC3 = (2.4, —4,5.5) for purple diagram;
Panels correspond to the maxima of (a) x variable; (b) y variable and (c) z variable; Periodic window and crisis are visible,
indicating complex dynamical transitions.
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50
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()

Fig. 5. Bifurcation diagrams by varying parameter c¢; Both forward and backward continuation methods are applied starting
from ¢ = 1. The first set of initial conditions are IC; = (=4, 5.5,2.4) for azure diagram, ICy = (5.5, 2.4, —4) for green diagram,
and IC3 = (2.4,—4,5.5) for purple diagram. Panels correspond to the maxima of (a) x variable; (b) y variable and (c) z
variable; Multiple dynamics and sharp transitions between chaotic and periodic regimes are evident.
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Fig. 6. LE spectra of the system; the LEs are computed as functions of parameters (a) a (b) b and (¢) ¢, confirming the
presence of chaos (positive largest LE), periodicity (zero largest LE), and conservative/dissipative transitions.
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periodic regions, all LEs are found to be non-
positive, indicating stable orbits. Chaotic behavior
emerges when one LE becomes positive. For param-
eter values larger than those corresponding to the
periodic window, a shift from conservative to dis-
sipative dynamics is observed. This transition is
evidenced by the imbalance between the positive
and negative LEs, signifying a loss of phase space
volume.

Figure [6fc) displays the LEs as a function of
parameter c. Within the studied interval, a rich
interplay of periodic and chaotic windows is exhib-
ited by the system. Furthermore, the LEs reveal
that in many parameter intervals, the dynamics are
identified as dissipative rather than conservative. It
is indicated by the presence of negative LEs that do
not balance the positive ones, confirming the non-
conservative nature of the system in these regions.

In summary, the diverse dynamical behaviors
of the proposed system, including chaotic, periodic,
conservative, and dissipative regimes, are high-
lighted through the LE analysis. These findings
underscore the system’s complexity and its poten-
tial for applications in various fields requiring rich
dynamical characteristics.

4. The Region Occupied by the
Chaotic Sea: A Mathematical
Overview

To study the multistable nature of the proposed sys-
tem, we investigate its extent of dynamics by visu-
alizing the regions of initial conditions that result in
each coexisting sea. The extent of the chaotic seas
is plotted in three orthogonal planes: xo—yo, yo—=20,
and zg—xg, as presented in Fig. |7 Each chaotic sea
identified in Fig. [1]is represented using a consistent
color-coding scheme, corresponding to the same sea
used throughout the paper (as indicated in the color
bar of Fig. [7)).

One of the most striking features observed in
the regions occupied by the dynamics is the pres-
ence of sharp, well-defined boundaries between the
regions of different dynamics. Such crisp separations
are relatively rare in complex dynamical systems,
where fractal or riddled boundaries are more com-
monly encountered. This unusual feature suggests
a high degree of structural organization within the
phase space, likely stemming from the system’s cir-
culant symmetry. An additional and intriguing phe-
nomenon revealed in the plots is the presence of

dynamics associated with Color 1, which do not cor-
respond to any of the previously identified chaotic
seas. The analysis of these trajectories (for instance,
in (xo,y0,20) = (2.544,3.936,0)) reveals that their
LEs are all zero, indicating the absence of exponen-
tial divergence or convergence of nearby orbits. This
result supports the conclusion that these trajecto-
ries lie on invariant torus rather than fixed points,
limit cycles, or chaotic dynamics. The existence
of such quasi-periodic structures embedded within
the regions occupied by the chaotic seas highlights
the richness of the system’s dynamical landscape.
These findings not only expand our understanding
of the system’s long-term dynamics but also sug-
gest the possibility of coexisting quasi-periodic and
chaotic motions, governed by the intricate interplay
between symmetry, dissipation, and nonlinearity.

Let us back to the sharp boundaries between
the regions occupied by the chaotic seas. We focus
on the extent of the chaotic seas in the xo—yg plane.
Figure [§| shows the regions in five different 2y slices.
The plots are in the interval zg,yp € [—20,20].
The resolution is lower than Fig. |[7] so the quasi-
periodic dynamics cannot be seen in it. In all of
them we can see that there are some sharp lines.
To discuss this line mathematically, let us get back
to the saddle equilibrium points and their unstable
manifolds. To understand the geometric structure
underlying the sharp boundaries observed between
the chaotic seas, we investigated the unstable mani-
folds of the system’s equilibrium points. The nature
of these manifolds depends on the eigenvalue spec-
trum at each equilibrium. For saddle points pos-
sessing a single positive real eigenvalue alongside
two eigenvalues with negative real parts (either real
or complex), the unstable manifold is 1D, forming
a curve that emanates from the equilibrium point
in the direction of the unstable eigenvector. Con-
versely, for saddle-focus equilibria characterized by
one negative real eigenvalue and a pair of complex
conjugate eigenvalues with positive real parts, the
unstable manifold is 2D, forming a surface (or plane
locally) spanned by the real and imaginary parts of
the eigenvector associated with the unstable com-
plex eigenvalue. The computed manifolds provide
crucial insight into the organization of phase space
and the origin of the boundaries between distinct
dynamical regions.

To understand the geometric structure under-
lying the sharp boundaries observed between the
chaotic seas, we investigate the unstable manifolds
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occupied by a chaotic sea with the same color, except for color 1, which corresponds to quasi-periodic invariant tori embedded
within the chaotic regions. Sharp boundaries between the regions occupied by the chaotic seas are observed, a rare feature in

nonlinear systems.

of the model’s equilibria. The nature of these man-
ifolds depends on the eigenvalue spectrum at each
equilibrium. For saddle points possessing a single
positive real eigenvalue alongside two eigenvalues
with negative real parts (either real or complex),
the unstable manifold is 1D, forming a curve that
emanates from the equilibrium point in the direc-
tion of the unstable eigenvector. The equation of
such a 1D unstable manifold (line) passing through
an equilibrium point p = (p',p?,p?) in the direc-
tion of eigenvector v = (vl v? v3) is given by
x;f’l = y;2p2 = Z2P3 (Conversely, for saddle-focus
equilibria characterized by one negative real eigen-
value and a pair of complex conjugate eigenvalues
with positive real parts, the unstable manifold is
2D, forming a surface (or plane locally) spanned

by the real and imaginary parts of the eigenvector
associated with the unstable complex eigenvalue.
If v = v, 4+ iv; is the complex eigenvector corre-
sponding to eigenvalue A = a 4 i (where a > 0),
then the 2D unstable manifold is spanned by the
real vectors v, and v;. The equation of this unsta-
ble plane passing through equilibrium point p is
a(x —p1) +b(y — p2) + ¢(z — p3) = 0, where (a, b, c)
is the normal vector to the plane, obtained from
n=v, X vj.

These unstable manifolds are computed by
numerically determining the eigenvectors corre-
sponding to the unstable eigenvalues of key equi-
librium points. For 2D manifolds, we constructed
the spanning plane using the real and imaginary
parts of the complex eigenvectors. The computed
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Fig. 8. The extent of the dynamics projected onto the zo—yo planes in the intervals [—20,20] and (a) zg = 0; (b) z9 = 6;
(c) z0 = —6; (d) zo = 30 and (e) zgp = —30; each color represents the region occupied by a chaotic sea with the same color;
compared to Fig. [7] smaller resolution is used in this figure, so the small quasi-periodic points cannot be seen in it.

manifolds provide crucial insight into the organiza-
tion of phase space and the origin of the bound-
aries between distinct dynamical regions, with the
1D and 2D unstable manifolds forming the sharp
linear boundaries observed in Fig. [§

Let us focus on specific equilibrium points and
their corresponding unstable manifolds in relation
to the observed boundaries. Consider Eq;, located
at the origin (0,0, 0) within the zg = 0 plane, which
possesses one positive eigenvalue. Consequently, its
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unstable manifold is 1D, forming a line with the
equation x = y = z. This line intersects all the zg—
9o planes shown in Fig. [§] marking the center of the
color divisions. While this relationship is evident far
from Eq, its direct influence is expected to be most
pronounced in its immediate vicinity.

Next, we examine Eqq and Eqq, also located
in the zp = 0 plane. These equilibrium points pos-
sess two complex conjugate eigenvalues with posi-
tive real parts, resulting in 2D unstable manifolds
(planes). The equations of these unstable planes are
xr = z and y = z, respectively. The intersections of
these planes with the xo—yo planes at various 2 val-
ues precisely correspond to the boundaries defined
by x = 29 and y = 29, as observed in Fig.

Further analysis of Eqg, though not located
in the xo—yo planes of Fig. reveals its influ-
ence in Figs. [7b) and [7|(c). Its unstable manifold
forms a plane with the equation x = y. Notably,
although these manifold calculations are inherently
local, the intersection of this plane with the zg = 0
plane is clearly visible in our analysis, reinforcing
the connection between the theoretical manifolds
and the observed boundaries. In contrast, equilib-
rium points Eq, through Eq; are not located in
our studied zg—yo planes. Their 1D unstable man-
ifolds do not directly intersect the planes shown
in Fig. However, for completeness, the equa-
tions of their unstable lines are: Eqqy: @ = —1.2910,
z = 5.1640 — y; Eqs: z = —1.2910, z = 5.1640 — y;
Equ: y = —1.2910, x = 5.1640 — z; Eqs: z = 1.2910,
y = —5.1640 — z; Eqqg: 2 = 1.2910, y = —5.1640 — x;
Eq;: y = 1.2910, z = —5.1640 — z.

5. Conclusion

In this work, we introduced and analyzed a novel
3D-chaotic system characterized by circulant sym-
metry, and six coexisting chaotic seas. The sys-
tem’s governing equations incorporated cubic non-
linearities, which give rise to complex stretching
and folding mechanisms essential for chaos gener-
ation. Through comprehensive numerical analysis,
several unique dynamical features were revealed.
The system supported six distinct chaotic dynamics
categorized into two groups, each associated with
a different set of initial conditions. The dynam-
ics of the two groups were symmetrically arranged
around the origin. In each group, the three seas
were related to one another through cyclic permu-
tations of the state variables. The regions occupied
by the seas exhibited sharp, well-defined boundaries

— a rare phenomenon in nonlinear dynamical sys-
tems — indicating a high degree of structural orga-
nization within the phase space. The sharp bound-
aries of the regions were mathematically discussed
by the help of unstable manifolds of saddle equi-
librium points. Embedded within the regions occu-
pied by the chaotic sea, we identified invariant tori,
where trajectories display quasi-periodic motion.
These structures suggested the coexistence of quasi-
periodic and chaotic dynamics, further enriching
the complexity of the system’s behavior. Bifurcation
diagrams obtained by varying parameters a, b, and ¢
revealed rich transitions between periodic, chaotic,
conservative, and dissipative regimes, punctuated
by crisis events and periodic windows. The LE spec-
tra confirmed the chaotic nature of the dynamics
and demonstrated the system’s ability to transi-
tion smoothly between conservative and dissipative
dynamics, depending on parameter values.

The multistable and symmetry-organized
nature of the proposed system not only enriches the
theoretical understanding of structured chaos but
also opens promising avenues for practical imple-
mentation. In particular, the coexistence of six well-
separated chaotic seas — coupled with sharp basin
boundaries and circulant symmetry — makes the
system highly suitable for control and synchroniza-
tion strategies, which are essential for applications
such as secure communication, chaos-based encryp-
tion, and neuromorphic computing. Future work
will focus on developing adaptive control laws and
synchronization protocols to enable reliable switch-
ing among coexisting seas, as well as hardware
realization via analog or digital circuits.

In summary, this work advances the under-
standing of symmetric chaotic systems and intro-
duces a new paradigm for studying multistability,
conservation laws, and structured chaos. By com-
bining mathematical rigor with aesthetic appeal, it
opens exciting avenues for both theoretical explo-
ration and technological innovation.
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