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 A B S T R A C T

In this work, while using the Flow Curvature Method developed by one of us (JMG), we prove that the energy 
function of two and three-dimensional coarse systems involving a small parameter 𝜇 can be directly deduced 
from the curvature of their trajectory curves when 𝜇 tends to zero. Such a result thus confirms the relationship 
between curvature and energy function for a certain class of differential systems already established in one of 
our previous contributions. Then, we state that the rate of change of the energy function of such coarse systems
is equal to the scalar product of the velocity vector field and its first time derivative, i.e. the acceleration vector 
field. The comparison of these results with the so-called Frénet frame enables to prove that energy function is 
proportional to the normal component of the acceleration when 𝜇 tends to zero while the rate of change of 
the energy function is proportional to the tangential component of the acceleration at first order in 𝜇. Two and 
three-dimensional examples are then used to emphasize these two main results.
1. Introduction

In the 1930’s the famous soviet mathematicians Aleksandr’ An-
dronov and his colleague Lev Pontryagin introduced the concept of 
‘‘coarse systems’’ also known as ‘‘rough systems’’ or ‘‘systèmes
grossiers’’ (in French) in dimension two, see [1]. Here, the terms 
‘‘coarse systems’’ and ‘‘roughness’’ are used as synonymous in a broader 
sense, e.g. to mean merely the preservation of some property of the 
system under a small perturbation. Thus, in such a case it is preferable 
to speak about the structural stability of the property in question. 
According to Andronov et al. [2]:

‘‘In setting out the differential equations we cannot take account of 
all the factors that influence in some manner or other the behaviour 
of the physical system. On the other hand, none of the factors taken 
into account can remain absolutely constant during a motion of 
the system, so that when we attribute to the parameters perfectly 
determined values; this has only a meaning on condition that small 
variations of the parameters do not substantially vary the character 
of the motion. A certain number of parameters corresponding to 
physical parameters of the problem occur in the functions of our 
system equations, so these functions are never known exactly. Small 
variations of these parameters must leave unchanged the qualitative 
structure of the phase portrait. It is natural, therefore, to separate 
the class of dynamic systems whose topological structure of the 
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phase paths does not vary for small variations of the differential 
equations. We call such systems ‘coarse’ or structurally stable . . . ’’

In this work, we will follow such a definition of coarse systems and 
we will make therefore the assumption that the qualitative nature of the 
phase portrait of the systems of differential equations (1)–(2) defined 
below remains unchanged under a small variation of the coefficient 𝜇
in factor of the polynomials functions 𝑓 , 𝑔 and ℎ.

1.1. Two and three-dimensional coarse systems

In dimension two the ‘‘coarse systems’’ here studied are the follow-
ing: 
𝑑𝑥
𝑑𝑡

= 𝑦 + 𝜇𝑓 (𝑥, 𝑦, 𝜇) ,

𝑑𝑦
𝑑𝑡

= −𝑥 + 𝜇𝑔 (𝑥, 𝑦, 𝜇) ,
(1)

where 0 < 𝜇 ≪ 1 and 𝑓 (𝑥, 𝑦, 𝜇) and 𝑔(𝑥, 𝑦, 𝜇) are functions of class 𝐶2. 
When 𝑓 (𝑥, 𝑦, 𝜇) = 𝑥 − 𝑥3∕3 and 𝑔(𝑥, 𝑦, 𝜇) = 0, Eqs. (1) represent the 
so-called Van der Pol system. Here, in dimension three, we consider 
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Fig. 1. Frénet trihedron.

the ‘‘coarse systems’’ as follows: 
𝑑𝑥
𝑑𝑡

= 𝑦 + 𝜇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) ,

𝑑𝑦
𝑑𝑡

= −𝑥 + 𝜇𝑔 (𝑥, 𝑦, 𝑧, 𝜇) ,

𝑑𝑧
𝑑𝑡

= 𝜇ℎ (𝑥, 𝑦, 𝑧, 𝜇) ,

(2)

where 0 < 𝜇 ≪ 1 and 𝑓 (𝑥, 𝑦, 𝑧, 𝜇), 𝑔(𝑥, 𝑦, 𝑧, 𝜇) and ℎ(𝑥, 𝑦, 𝑧, 𝜇) are 
functions of class 𝐶3. System (2) has been studied by Llibre and 
Zhang [3,4].

Very recently, we have proposed a method for obtaining the energy 
function of differential systems starting from their corresponding equa-
tion of motion, i.e. their acceleration equation in dimension two and jerk 
equation in dimension three [5]. Two years ago, we had established a 
link in dimension two between the energy function of the generalized 
Liénard systems which can be considered as ‘‘coarse systems’’ in the 
particular case where 𝑔(𝑥, 𝑦, 𝜇) = 0 and the curvature of their trajectory 
curve [6]. In this work, we extend this result to dimension three and 
thus we prove that the energy function of two and three-dimensional 
‘‘coarse systems’’ can be directly deduced from the curvature of the
trajectory curve of such systems. The concept of curvature is one of the 
foundations of the Flow Curvature Method briefly recalled below.

1.2. Flow curvature method

Let us first consider the following set of nonlinear ordinary differ-
ential equations: 
𝑑𝑋⃗
𝑑𝑡

= ⃖⃖⃗ℑ(𝑋⃗), (3)

with 𝑋⃗ =
[

𝑥1, 𝑥2,… , 𝑥𝑛
]𝑡 ∈ 𝐸 ⊂ R𝑛 and ⃖⃖⃗ℑ(𝑋⃗) =

[

𝑓1(𝑋⃗), 𝑓2(𝑋⃗),… ,

𝑓𝑛(𝑋⃗)
]𝑡

∈ 𝐸 ⊂ R𝑛. The vector ⃖⃖⃗ℑ(𝑋⃗) defines a velocity vector field
̇⃗𝑋 =

[

𝑥̇1, 𝑥̇2,… , 𝑥̇𝑛
]𝑡 in 𝐸 whose components 𝑓𝑖 which are supposed to 

be infinitely differentiable with respect to all 𝑥𝑖, i.e. are 𝐶∞ functions in 
𝐸 and with values included in R, satisfy the assumptions of the Cauchy-
Lipschitz theorem. For more details, see for example Coddington & 
Levinson [7]. A solution of this system is a trajectory curve 𝑋⃗ (𝑡) tangent 
(except at the fixed points) to ⃖⃖⃗ℑ whose values define the states of the
dynamical system described by the Eq. (3).

Then, let us recall the definition of the so-called Frénet frame or 
trihedron. The Frénet frame [8] built from the space curve 𝑋⃗ (𝑡) and 
directed towards the motion of mobile M consists in a unit tangent vector
𝜏 to the space curve in M, a unit normal vector  ⃗𝑛, i.e. the principal normal 
in M directed towards the interior of the concavity of the space curve
and a unit binormal vector 𝛽 to the space curve in M so that the trihedron 
(𝜏, 𝑛, 𝛽) is direct since the velocity vector field 𝑉 = ̇⃗𝑋 is tangent to any 
point M to the space curve 𝑋⃗ 𝑡  (see Fig.  1 below).
( )

2 
By taking the time derivative of the velocity vector field (3), one can 
deduce the acceleration vector field ̈⃗𝑋 of the trajectory curve 𝑋⃗ (𝑡). In the 
Frénet frame, this acceleration has two components according to the 
unit tangent vector 𝜏 and to the unit normal vector 𝑛 to the trajectory 
curve: ̈⃗𝑋 = ̈⃗𝑋𝜏 + ̈⃗𝑋𝑛, where

• the tangential acceleration ̈⃗𝑋𝜏 reads: 

̈⃗𝑋𝜏 =
̇⃗𝑋 ⋅ ̈⃗𝑋
‖

‖

‖

‖

̇⃗𝑋
‖

‖

‖

‖

𝜏, (4)

where here and in what follows ‖⋅‖ represents the Euclidean 
norm. Let us recall that the time derivative of the norm of any 
vector field 𝑈⃗ reads:
𝑑
𝑑𝑡

‖

‖

‖

𝑈⃗‖

‖

‖

= 𝑈⃗ ⋅ ̇⃗𝑈
‖

‖

‖

𝑈⃗‖

‖

‖

.

It follows that the tangential acceleration and, as we will see 
below, the rate of change of the energy function is proportional 
to the time derivative of the norm of the velocity vector field.

• the normal acceleration ̈⃗𝑋𝑛 reads: 

̈⃗𝑋𝑛 =

‖

‖

‖

‖

̇⃗𝑋 ∧ ̈⃗𝑋
‖

‖

‖

‖

‖

‖

‖

‖

̇⃗𝑋
‖

‖

‖

‖

𝑛. (5)

According to the Flow Curvature Method developed by Ginoux et al.
[9,10] and Ginoux [11], the flow curvature manifold is defined as the 
location of the points where the curvature of the flow, i.e., the curvature
of the trajectory curves of any 𝑛-dimensional differential system (3) 
vanishes. Then, it reads: 

𝜅(𝑋⃗) =
‖

‖

‖

‖

̇⃗𝑋 ∧ ̈⃗𝑋
‖

‖

‖

‖

= 0. (6)

The curvature is a measure of the rate of change of direction of a 
mobile point M evolving on the trajectory curve. By comparing Eqs. (5) 
and (6), it follows that curvature expresses the magnitude of the normal 
acceleration of such a point. Let us notice that in dimension two, 𝜅(𝑋⃗) =
| det( ̇⃗𝑋, ̈⃗𝑋)| = 0.

1.3. Energy function and its rate of change

Usually, to obtain the energy function and its rate of change one 
computes the corresponding equation of motion of two and three-
dimensional ‘‘coarse systems’’ (1)–(2), i.e. respectively their acceleration
and jerk equation. In dimension two, it is far well-known that energy 
function of differential systems can be simply obtained by multiplying 
its corresponding second-order ordinary differential equation, i.e., its
equation of motion by the first time derivative of its state variable. In 
dimension three, we have proved in a previous work [5] that the jerk 
equation of such differential systems must be multiplied by the second 
time derivative of the state variable and not by the first like in dimension 
two to obtain the energy function. In this work, we will see below that 
in the case of three-dimensional ‘‘coarse systems’’ (2), its jerk equation
reduces to its acceleration equation like for two-dimensional ‘‘coarse 
systems’’ (1).

However, more than twenty years ago, Sarasola et al. [12], Wang 
et al. [13], Ma et al. [14] and Yu et al. [15] to name but a few 
proposed to use a method based on the Helmholtz’s theorem to deduce 
the energy function of any 𝑛-dimensional differential systems (3). This 
method is briefly recalled below. According to Helmholtz’s theorem, 
such differential system (3) can be decomposed into a gradient and 
a rotational field, i.e., as the sum of a conservative and a dissipative 
vector field ⃖⃖⃗ℑ(𝑋⃗) = ⃖⃖⃗ℑ𝑐 (𝑋⃗) + ⃖⃖⃗ℑ𝑑 (𝑋⃗). Thus, it can be expressed in a 
generalized Hamiltonian form: 
𝑑𝑋⃗ =

[

𝐽 (𝑋⃗) + 𝑅(𝑋⃗)
]

∇𝐻(𝑋⃗), (7)

𝑑𝑡
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where ∇𝐻 is the gradient vector of the smooth energy function 𝐻(𝑋⃗), 
𝐽 (𝑋⃗) is a skew-symmetric matrix and 𝑅(𝑋⃗) is a symmetric matrix. The 
Hamiltonian energy function can thus be calculated by: 
𝑑𝐻
𝑑𝑡

= ∇𝐻𝑇𝑅(𝑋⃗)∇𝐻,

∇𝐻𝑇 𝐽 (𝑋⃗)∇𝐻 = 0.
(8)

Since the vector field (3) can be decomposed into a gradient and a 
rotational field, it follows that the energy function and its rate of change 
can be deduced by: 
𝑑𝐻
𝑑𝑡

= ∇𝐻𝑇𝑅(𝑋⃗)∇𝐻 = ∇𝐻𝑇 ⃖⃖⃗ℑ𝑑 (𝑋⃗),

∇𝐻𝑇 𝐽 (𝑋⃗)∇𝐻 = 0 = ∇𝐻𝑇 ⃖⃖⃗ℑ𝑐 (𝑋⃗).
(9)

In this work, we use the Flow Curvature Method, i.e. Eq. (6) and we 
compute the curvature of the trajectory curves of each of these two 
‘‘coarse systems’’. Then, by comparing with the energy function given 
by the two other methods (classical method and Helmholtz’s theorem), 
we prove that when 𝜇 → 0 the curvature of ‘‘2D & 3D coarse systems’’ 
tend to be equal to their corresponding energy function. Finally, we 
prove that the rate of change of the energy function of ‘‘2D & 3D coarse 
systems’’ is equal to the scalar product of its vector field and its first 
time derivative. Interpretations of these two main results are given in 
the discussion.

2. Acceleration equation and energy function of 2D ‘‘coarse sys-
tems’’

By computing the time derivative of 𝑥̇ and by replacing 𝑦̇ by its 
expression (1), we obtain the equation of motion, i.e., the acceleration 
equation of the two-dimensional ‘‘coarse system’’: 
𝑥̈ + 𝑥 = 𝜇

(

𝑔(𝑥, 𝑦, 𝜇) + ̇𝑓 (𝑥, 𝑦, 𝜇)
)

. (10)

2.1. Classical method

A classical method for obtaining the energy function 𝐻 of a two-
dimensional differential ‘‘coarse system’’ consists in multiplying its
acceleration equation (10) by 𝑥̇. This directly provides its rate of change 
which reads: 
𝑑𝐻
𝑑𝑡

= 𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2

)

= 𝜇
(

𝑔(𝑥, 𝑦, 𝜇) + ̇𝑓 (𝑥, 𝑦, 𝜇)
)

𝑥̇, (11)

where the energy function is 

𝐻 = 𝑥̇2

2
+ 𝑥2

2
. (12)

The energy function 𝐻 is analogous to Hamiltonian function. Fol-
lowing this idea, 𝑥̇

2

2
 is considered as a kinetic energy while 𝑥

2

2
 is the

potential energy. This definition holds for dimension three.

2.2. Helmholtz’s theorem

Then, by using Helmholtz’s theorem recalled above the 2D coarse 
system (1) can be decomposed into a gradient and a rotational field, 
i.e., as the sum of conservative and dissipative vector fields as follows:
(

𝑥̇
𝑦̇

)

=
(

0 1
−1 0

)(

𝑥
𝑦

)

+ 𝜇
(

𝑓 (𝑥, 𝑦, 𝜇)
𝑔(𝑥, 𝑦, 𝜇)

)

(13)

But in order to facilitate comparison between the energy func-
tion (12) given by the acceleration equation (10) and that given by 
Helmholtz’s theorem, it is necessary to use the first time derivative 
of system (13) and not the original system. As we will see below, it 
will also enable the comparison with the energy function given by the
curvature. So, we have: 
(

𝑥̈
)

=
(

0 1
)(

𝑥̇
)

+ 𝜇
( ̇𝑓 (𝑥, 𝑦, 𝜇)

)

(14)

𝑦̈ −1 0 𝑦̇ 𝑔̇(𝑥, 𝑦, 𝜇)

3 
Then, according to Helmholtz’s theorem, the energy function 𝐻 asso-
ciated with the 2D coarse system (1) must satisfy the partial differential 
equation: 

(

𝜕𝐻
𝜕𝑥̇

, 𝜕𝐻
𝜕𝑦̇

)(

𝑦̇
−𝑥̇

)

= 0 ⇔

⎧

⎪

⎨

⎪

⎩

𝜕𝐻
𝜕𝑥̇

= 𝑥̇,

𝜕𝐻
𝜕𝑦̇

= 𝑦̇,
(15)

This leads to the energy function: 

𝐻 = 𝑥̇2

2
+

𝑦̇2

2
. (16)

By replacing in Eq. (16)𝑦̇ by its expression (1), it is easy to demon-
strate that both Eqs. (12) and (16) are identical when 𝜇 → 0. From (9) 
and (15), the rate of change of the energy function is: 
𝑑𝐻
𝑑𝑡

=
(

𝜕𝐻
𝜕𝑥̇

, 𝜕𝐻
𝜕𝑦̇

)

𝜇
( ̇𝑓 (𝑥, 𝑦, 𝜇)
𝑔̇(𝑥, 𝑦, 𝜇)

)

= 𝜇
(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝜇)
)

(17)

Let us notice that we would have found the same result as above 
(17) by taking the time derivative of the energy function 𝐻 given either 
by Eq. (12) or by (16).

2.3. Flow curvature method

By using the Flow Curvature Method, i.e. Eq. (6), we compute the
curvature of the trajectory curves of the 2D coarse system (1). We have:

𝜅(𝑥, 𝑦, 𝜇) = | det( ̇⃗𝑋, ̈⃗𝑋)| = 𝑥̇2 + 𝑦̇2 + 𝜇
(

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝜇)
)

= 0. (18)

Obviously, when 𝜇 → 0, we find that: 

𝜅(𝑥, 𝑦, 0) = 𝑥̇2 + 𝑦̇2 = 2𝐻. (19)

Now, we compute the scalar product of the vector field ̇⃗𝑋 of (1) and 
its time derivative ̈⃗𝑋, we obtain: 
̇⃗𝑋 ⋅ ̈⃗𝑋 = 𝜇

(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝜇)
)

. (20)

Then, it follows that the right hand side of Eq. (20) is identical with 
that of Eq. (17).

A comparison of the energy function and its rate of change given by 
the three methods is presented in the Table  1 below.

Although the energy function 𝐻 and its rate of change 𝑑𝐻∕𝑑𝑡 given 
by the classical method (11)–(12) and those given by both Helmholtz’s 
theorem (16)–(17) and Flow Curvature Method (19)–(20) seem to be 
different, they are absolutely identical (see the proof in Appendix  A). 
Concerning the additional term in the expression of 𝐻 given by the
Flow Curvature Method (18), its expression and importance are given 
and discussed in Appendix  B.

In summary, we proved the next result:

Theorem 1.  For the 2D coarse systems (1), the energy function is given 
by:

𝐻 = lim
𝜇→0

1
2
𝜅 (𝑥, 𝑦, 𝜇) = 𝑥̇2

2
+ 𝑥2

2
= 𝑥̇2

2
+

𝑦̇2

2
,

and its rate of change is given by:
𝑑𝐻
𝑑𝑡

= ̇⃗𝑋 ⋅ ̈⃗𝑋.

3. Jerk equation and energy function of three-dimensional ‘‘coarse
systems’’

By computing the second time derivative of 𝑥̇ and by replacing ÿ by 
its expression deduced from the time derivative of (2), we obtain the
jerk equation of the three-dimensional ‘‘coarse system’’: 

( ̈ )
𝑥 + 𝑥̇ = 𝜇 𝑔̇(𝑥, 𝑦, 𝑧, 𝜇) + 𝑓 (𝑥, 𝑦, 𝑧, 𝜇) . (21)
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Table 1
Comparison of the energy function and its rate of change given by the three methods.
 Classical method Helmholtz’s theorem Flow curvature method  
 𝐻 𝑥̇2

2
+ 𝑥2

2
𝑥̇2

2
+

𝑦̇2

2
𝑥̇2 + 𝑦̇2 + 𝜇

(

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝜇)
) 

 𝑑𝐻
𝑑𝑡

𝜇
(

𝑔(𝑥, 𝑦, 𝜇) + ̇𝑓 (𝑥, 𝑦, 𝜇)
)

𝑥̇ 𝜇
(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝜇)
)

𝜇
(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝜇)
)  
But, in the case of three-dimensional ‘‘coarse systems’’ (2), its jerk 
equation reduces to its acceleration equation by a simple and direct 
integration. Thus, we find the following equation which is the same 
as for two-dimensional ‘‘coarse systems’’ (1): 
𝑥̈ + 𝑥 = 𝜇

(

𝑔(𝑥, 𝑦, 𝑧, 𝜇) + ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇)
)

. (22)

3.1. Classical method

Then, by using the classical method, i.e. by multiplying this accel-
eration equation (22) by 𝑥̇, we obtain the rate of change of the energy 
function: 
𝑑𝐻
𝑑𝑡

= 𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2

)

= 𝜇
(

𝑔(𝑥, 𝑦, 𝑧, 𝜇) + ̇𝑓 (𝑥, 𝑦, 𝑧𝜇)
)

𝑥̇, (23)

where the energy function is 

𝐻 = 𝑥̇2

2
+ 𝑥2

2
. (24)

3.2. Helmholtz’s theorem

As previously recalled, another method consists in using Helmholtz’s 
theorem. Thus, the 3D coarse system (2) is decomposed into a gradient 
and a rotational field, i.e., as the sum of conservative and dissipative 
vector fields as follows: 
⎛

⎜

⎜

⎝

𝑥̇
𝑦̇
𝑧̇

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

0 1 0
−1 0 0
0 0 0

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑥
𝑦
𝑧

⎞

⎟

⎟

⎠

+ 𝜇
⎛

⎜

⎜

⎝

𝑓 (𝑥, 𝑦, 𝑧, 𝜇)
𝑔(𝑥, 𝑦, 𝑧, 𝜇)
ℎ(𝑥, 𝑦, 𝑧, 𝜇).

⎞

⎟

⎟

⎠

(25)

As above, in order to facilitate comparison between the energy 
function (24) given by the acceleration equation (22) and that given by 
Helmholtz’s theorem, it is necessary to use the first time derivative of 
system (25) and not the original system. Then, it will also enable the 
comparison with the energy function given by the curvature. We take the 
first time derivative of this Eq. (25), and we have: 
⎛

⎜

⎜

⎝

𝑥̈
𝑦̈
𝑧̈

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

0 1 0
−1 0 0
0 0 0

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑥̇
𝑦̇
𝑧̇

⎞

⎟

⎟

⎠

+ 𝜇
⎛

⎜

⎜

⎝

̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇)
𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
ℎ̇(𝑥, 𝑦, 𝑧, 𝜇).

⎞

⎟

⎟

⎠

(26)

Then, according to the Helmholtz’s theorem, the energy function
𝐻 associated with the 3D coarse system (2) must satisfy the partial 
differential equation: 

(

𝜕𝐻
𝜕𝑥̇

, 𝜕𝐻
𝜕𝑦̇

, 𝜕𝐻
𝜕𝑧̇

)

⎛

⎜

⎜

⎝

𝑦̇
−𝑥̇
0

⎞

⎟

⎟

⎠

= 0 ⇔

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝐻
𝜕𝑥̇

= 𝑥̇,

𝜕𝐻
𝜕𝑦̇

= 𝑦̇,

𝜕𝐻
𝜕𝑧̇

= 0.

(27)

This leads to the energy function: 

𝐻 = 𝑥̇2

2
+

𝑦̇2

2
. (28)

Then, by replacing in Eq. (28)𝑦̇ by its expression (2), it is easy to 
demonstrate that both Eqs. (24) and (28) are identical when 𝜇 → 0. 
From (9) and (27), the rate of change of the energy function is given by:

𝑑𝐻
𝑑𝑡

=
(

𝜕𝐻
𝜕𝑥̇

, 𝜕𝐻
𝜕𝑦̇

, 𝜕𝐻
𝜕𝑧̇

)

𝜇
⎛

⎜

⎜

⎝

̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇)
𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
ℎ̇(𝑥, 𝑦, 𝑧, 𝜇)

⎞

⎟

⎟

⎠

= 𝜇
(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

. (29)
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Let us notice that we would have found the same result as above 
(29) by taking the time derivative of the energy function 𝐻 given either 
by Eq. (24) or by (28).

3.3. Flow curvature method

Now, by using the Flow Curvature Method, i.e. Eq. (6), we compute 
the curvature of the trajectory curves of the 3D coarse system (2), and 
we have: 

𝜅(𝑥, 𝑦, 𝑧, 𝜇) =
√

[𝑥̇2 + 𝑦̇2 + 𝜇
(

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

]2 + 𝑂(𝜇2) = 0.

(30)

Thus, obviously, when 𝜇 → 0, we find that: 
𝜅(𝑥, 𝑦, 𝑧, 0) = 𝑥̇2 + 𝑦̇2 = 2𝐻. (31)

Now, we compute the scalar product of the vector field ̇⃗𝑋 of (2) and 
its time derivative ̈⃗𝑋, we obtain: 
̇⃗𝑋 ⋅ ̈⃗𝑋 = 𝜇

(

𝑥̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) + 𝑦̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

+ 𝜇2ℎ(𝑥, 𝑦, 𝑧, 𝜇)ℎ̇(𝑥, 𝑦, 𝑧, 𝜇). (32)

Then, it follows that the right hand side of Eq. (32) is identical with 
that of Eq. (29) provided the second order terms in 𝜇 are neglected. 
A comparison of the energy function and its rate of change given 
by the three methods would have lead to the same results as those 
presented in Table  1 (except for the arguments of functions). In fact, 
here again, the energy function 𝐻 and its rate of change 𝑑𝐻∕𝑑𝑡 given 
by the classical method (23)–(24) and those given by both Helmholtz’s 
theorem (28)–(29) and Flow Curvature Method (31)–(32) seem to be dif-
ferent. Nevertheless, as highlighted in Appendix  A, they are absolutely 
identical. Concerning the additional term in the expression of 𝐻 given 
by the Flow Curvature Method (30), its expression and importance are 
given and discussed in Appendix  C. In summary, we proved the next 
result:

Theorem 2.  For the 3D coarse systems (2) the energy function is:

𝐻 = lim
𝜇→0

1
2
𝜅 (𝑥, 𝑦, 𝑧, 𝜇) = 𝑥̈2

2
+ 𝑥̇2

2
= 𝑥̈2

2
+

𝑦̈2

2
,

and its rate of change is:
𝑑𝐻
𝑑𝑡

= ̇⃗𝑋 ⋅ ̈⃗𝑋,

at first order in 𝜇.

4. Applications

In this section we propose two applications of these main results to 
two and three-dimensional ‘‘coarse systems’’.

4.1. Van der Pol system

The Van der Pol system [16] can be written as follows: 
𝑑𝑥
𝑑𝑡

= 𝑦 + 𝜇𝑓 (𝑥) ,

𝑑𝑦
𝑑𝑡

= −𝑥,
(33)

where 𝑓 (𝑥, 𝑦, 𝜇) = 𝑓 (𝑥) = 𝑥 − 𝑥3∕3 is a cubic function, 𝑔(𝑥, 𝑦, 𝜇) = 0 and 
𝜇 is a small real positive parameter. While using either the classical 
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Fig. 2. Phase portraits, curvature and energy of Van der Pol model (33) for various values 𝜇.
method (11)–(12) or Helmholtz’s theorem (16)–(17), the energy function
and its rate of change read: 

𝐻 = 𝑥̇2

2
+

𝑦̇2

2
 ; 𝑑𝐻

𝑑𝑡
= 𝜇

(

1 − 𝑥2
)

𝑥̇2. (34)

According to the Flow Curvature Method, the curvature of the trajec-
tory curves (18) of the Van der Pol ‘‘coarse system’’ (33) provides the 
following result. 

𝜅(𝑥, 𝑦, 𝜇) = | det( ̇⃗𝑋, ̈⃗𝑋)| = 𝑥̇2 + 𝑦̇2 + 𝜇
(

𝑥2 − 1
)

(

𝑦 + 𝜇
(

𝑥 − 𝑥3

3

))

𝑥. (35)

where we denote the additional term in the curvature (see Appendix  B) 
as: 

𝛥(𝑥, 𝑦, 𝜇) = 𝜇
(

𝑥2 − 1
)

(

𝑦 + 𝜇
(

𝑥 − 𝑥3

3

))

𝑥 (36)

Thus, when 𝜇 → 0, 𝜅(𝑥, 𝑦, 0) = 2𝐻 . Then, the scalar product of the 
vector field ̇⃗𝑋 of (33) by its time derivative ̈⃗𝑋 reads: 
̇⃗𝑋 ⋅ ̈⃗𝑋 = 𝜇

(

1 − 𝑥2
)

𝑥̇2. (37)

Identity between Eqs. (34)–(37) is obvious.
5 
In Figs.  2, have been plotted in red the Poincaré’s limit cycle solution 
of the Van der Pol system (33), in blue the curvature (35) and in black 
the energy function (34) for various values of 𝜇. We observe in Fig. 
2a that for 𝜇 = 0.01, these three curves are superimposed. In Fig.  2b, 
for 𝜇 = 0.1, we notice that curvature slightly deviates from the energy 
function. In Fig.  2c, for 𝜇 = 0.5, these two curves are moving very far 
apart. When 𝜇 = 5, we observe in Fig.  2d that both energy function
and curvature are further and further apart. We also notice that for 
such a large value of 𝜇 Van der Pol’s limit cycle tends asymptotically 
to a portion of the left and right part of the curvature which then cor-
responds to the so-called slow invariant manifold. Moreover, according 
to Diliberto [17], ‘‘a periodic solution is stable, if at each point it is 
in a region where the curvature is negative’’. In the case of the Van 
der Pol system (33), the meshed region (in left and right parts of Fig. 
2d) delimited by the inside of limit cycle and the vertical asymptotes 
𝑥 = ±1 corresponds to the location of the points where the curvature
is negative, i.e. according to Diliberto where the periodic solution is 
stable. We recall that it has been established by Ginoux et al. [9,10], by 
Ginoux [11,18] and then by Ginoux et al. [5,6] that the curvature of the 
flow provides the slow invariant manifold equation of Van der Pol’s slow–
fast system. Then, it follows that outside the meshed region (plotted 
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Fig. 3. Bifurcation diagram of the difference (36) between curvature and energy function of the Van der Pol system (33).
in Fig.  2d) the curvature is therefore positive. It corresponds to the fast 
evolution of the trajectory curve which is therefore unstable. Moreover, 
according to (37), the rate of change of energy is positive inside the 
meshed region in Fig.  2d. This confirms a result already claimed by 
Minorsky [19] and established by Ginoux et al. [6], i.e., ‘‘each time 
the system absorbs energy the curvature of its trajectory decreases and vice 
versa’’. Thus, we can summarize this two main results as follows: the 
location of the points where the curvature is negative and where its rate 
of change is positive corresponds to the location of the points where the 
periodic solution is stable and where the system absorbs energy.

Then, in order to evaluate the robustness of the curvature-energy 
relationship between the energy function (34) and the curvature (35) of 
Van der Pol system (33), we built the bifurcation diagram (presented 
below in Fig.  3). In this diagram we have plotted the difference 𝛥 (36) 
between the curvature (35) and the energy function (34) for the maximal 
values of 𝑥(𝑡) and 𝑦(𝑡) as a function of 𝜇 (see also Eqs. (B.1)–(B.4) in 
Appendix  B).

We observe in Figs.  3 that the discrepancies between the curvature
(35) and energy function (34) of the Van der Pol system (33) is increas-
ing according to 𝜇. We notice that when 𝜇 becomes greater than 𝜇 ≈ 0.1
the difference (36) becomes more and more important.

4.2. Modified Li-Sprott model

As a first example of three-dimensional ‘‘coarse system’’, we have 
slightly modified a differential system originally designed by Li & 
Sprott [20] and we obtained: 
𝑑𝑥
𝑑𝑡

= 𝑦 + 𝜇𝑦𝑧,

𝑑𝑦
𝑑𝑡

= −𝑥 + 𝜇 (𝑦𝑧 − 𝑥𝑧) ,

𝑑𝑧
𝑑𝑡

= 𝜇 (−𝑧 − 𝑥𝑦 + 𝑏) ,

(38)

where 0 < 𝜇 ≪ 1 and 𝑏 a positive real parameter. We notice that for 
𝜇 = 1∕10 and 𝑏 = 3 and for two different set of initial conditions 
(𝑥0, 𝑦0, 𝑧0) = (−0.5, 0.1, 0.7) and (𝑥0, 𝑦0, 𝑧0) = (0.5, 0.1, 1.7), this model 
(38) enables to highlight the coexistence of several attractors (see Fig. 
4).

While using either the classical method (23)–(24) or Helmholtz’s 
theorem (28)–(29), the energy function and its rate of change read: 

𝐻 = 𝑥̇2

2
+

𝑦̇2

2
, 𝑑𝐻

𝑑𝑡
= 𝜇𝑥2𝑧 + 𝑂

(

𝜇2) . (39)
6 
Fig. 4. Chaotic attractor of the modified Li-Sprott model (38).

According to the Flow Curvature Method, the curvature of the tra-
jectory curves (30) of the Li-Sprott ‘‘coarse system’’ (38) provides the 
following result. 

𝜅(𝑥, 𝑦, 𝑧, 𝜇) =
√

[𝑥̇2 + 𝑦̇2 + 𝜇
(

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

]2 + 𝑂(𝜇2) = 0.

(40)

where 𝜇 (

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

= 𝛥(𝑥, 𝑦, 𝑧, 𝜇) and

𝛥(𝑥, 𝑦, 𝑧, 𝜇) = 𝜇
[

(𝑥 + 𝑦 + 𝜇𝑥𝑧)(𝑥𝑧 + 𝜇(𝑥 − 𝑦)𝑧2 + 𝜇𝑦(𝑧 + 𝑥𝑦 − 𝑏))

+ 𝑦(1 + 𝜇𝑧)(𝑦𝑧 + 𝜇𝑦𝑧2 − 𝜇𝑥𝑧 − 𝜇𝑥2𝑦 + 𝜇𝑏𝑥)
]

(41)

Thus, when 𝜇 → 0, 𝜅(𝑥, 𝑦, 𝑧, 0) = 2𝐻 . Then, the scalar product of the 
vector field of (38), i.e. ̇⃗𝑋 and its first time derivative, i.e. ̈⃗𝑋 reads: 
̇⃗𝑋 ⋅ ̈⃗𝑋 = 𝜇𝑥2𝑧 + 𝑂

(

𝜇2) . (42)
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Fig. 5. Bifurcation diagram of the difference (41) between curvature and energy function of the Li-Sprott model (38).
Identity between Eqs. (39)–(42) is again obvious. Then, in order to 
evaluate the robustness of the curvature-energy relationship between 
the energy function (39) and the curvature (40) of Li-Sprott model (38), 
we built the bifurcation diagram (presented below in Fig.  5). In this 
diagram we have plotted the difference 𝛥 (41) between the curvature
(40) and the energy function (39) for the maximal values of 𝑥(𝑡), 𝑦(𝑡), 
𝑧(𝑡) as a function of 𝜇 (see also Eqs. (C.1)–(C.3) in Appendix  C)

We observe in Figs.  5 that the discrepancies between the curvature
(40) and energy function (39) of the Li-Sprott model (38) is increasing 
exponentially according to 𝜇. We notice that for small 𝜇 regime, i.e. for 
𝜇 ≪ 1 the difference (41) stay at a low level such that both curvature
and energy can be considered as identical.

Finally, we recall that a zero-Hopf equilibrium of the differential 
system (38) is an equilibrium point such the Jacobian matrix of the 
differential system evaluated at it has eigenvalues 0 and ±𝜔𝑖 with 𝜔 > 0. 
The unique equilibrium point (0, 0, ℎ) of the differential system (38) is 
zero-Hopf when 𝜇 = 0, because its eigenvalues are 0 and ±𝑖.

The next result shows that there is a zero-Hopf bifurcation at 
the zero-Hopf equilibrium (0, 0, ℎ), where an unstable periodic orbit 
bifurcates from this equilibrium.

Theorem 3.  For |𝜇| sufficiently small and ℎ𝜇 < 0 a periodic orbit 
(𝑥(𝑡, 𝜇), 𝑦(𝑡, 𝜇), 𝑧(𝑡, 𝜇)) bifurcates from the zero-Hopf equilibrium (0, 0, ℎ)
of the differential system (38) satisfying that (𝑥(0, 𝜇), 𝑦(0, 𝜇), 𝑧(0, 𝜇)) =
(𝑂(𝜇), 𝑂(𝜇2), ℎ + 𝑂(𝜇)).

Proof.  We write the differential system (38) in cylindrical coordinates 
(𝑟, 𝜃, 𝑧) where 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃, and we get 
𝑟̇ = 𝜇𝑟𝑧 sin2 𝜃,
𝜃̇ = −1 + 𝜇𝑧(sin 𝜃 cos 𝜃 − 1),
𝑧̇ = 𝜇(ℎ − 𝑧 − 𝑟2 sin 𝜃 cos 𝜃).

(43)

Taking as the new independent variable 𝜃 the differential system 
(43) becomes 
𝑑𝑟
𝑑𝜃

= 𝑟′ = −𝜇𝑟𝑧 sin2 𝜃 + 𝑂(𝜇2) = 𝜇𝐹1(𝜃, 𝑟, 𝑧) + 𝑂(𝜇2),

𝑑𝑧
𝑑𝜃

= 𝑧′ = −𝜇(ℎ − 𝑧 − 𝑟2 sin 𝜃 cos 𝜃) + 𝑂(𝜇2) = 𝜇𝐹2(𝜃, 𝑟, 𝑧) + 𝑂(𝜇2).
(44)

Now we apply to the differential system (44) the averaging theory 
of first order described in the Theorems 11.5 and 11.6 of [21]. Then, 
the first averaged function 𝑓 (𝑟, 𝜃) = (𝑓1(𝑟, 𝜃), 𝑓2(𝑟, 𝜃)) is

𝑓1(𝑟, 𝑧) =
1
2𝜋 ∫

2𝜋

0
𝐹1(𝜃, 𝑟, 𝑧)𝑑𝜃 = −1

2
𝑟𝑧,

𝑓2(𝑟, 𝑧) =
1 2𝜋

𝐹2(𝜃, 𝑟, 𝑧)𝑑𝜃 = 𝑧 − ℎ,

2𝜋 ∫0

7 
Fig. 6. A periodic orbit of Theorem  3.

The unique solution of the system 𝑓1(𝑟, 𝑧) = 0, 𝑓2(𝑟, 𝑧) = 0, is 
(𝑟, 𝑧) = (0, ℎ). The Jacobian matrix of the function 𝑓 (𝑟, 𝑧) evaluated at 
the solution (0, ℎ) is

𝐴 =
(

−1∕2 0
0 1

)

.

Since the determinant of 𝐴 is non-zero, by Theorem 11.5 of [21], 
the solution (0, ℎ) provides for |𝜇| sufficiently small a periodic orbit 
(𝑟(𝜃, 𝜇), 𝑧(𝜃, 𝜇)) of the differential system (44) such that (𝑟(0, 𝜇), 𝑧(0, 𝜇)) =
(𝑂(𝜇), ℎ + 𝑂(𝜇)).

The periodic orbit (𝑟(𝜃, 𝜇), 𝑧(𝜃, 𝜇)) of the differential system (44) in 
the differential system (43) becomes the periodic orbit (𝑥(𝑡, 𝜇), 𝑦(𝑡, 𝜇),
𝑧(𝑡, 𝜇)) such that (𝑥(0, 𝜇), 𝑦(0, 𝜇), 𝑧(0, 𝜇)) = (𝑂(𝜇), 𝑂(𝜇2), ℎ + 𝑂(𝜇)). By 
Theorem 11.6 of [21], since one of the eigenvalues of the matrix 𝐴
is negative, the periodic orbit (𝑥(𝑡, 𝜇), 𝑦(𝑡, 𝜇), 𝑧(𝑡, 𝜇)) is unstable. This 
completes the proof of the theorem. □

In Fig.  6 we plot the periodic orbit (𝑥(𝑡, 𝜇), 𝑦(𝑡, 𝜇), 𝑧(𝑡, 𝜇)) of Theorem 
3 for the values of 𝜇 = 1∕500 and ℎ = 1 computed numerically from the 
initial conditions (𝑥(0, 𝜇), 𝑦(0, 𝜇), 𝑧(0, 𝜇)) = (𝑂(𝜇), 𝑂(𝜇2), ℎ + 𝑂(𝜇)).

In Fig.  7 we plot the periodic orbit of model (38) in the case of 
Theorem  3 for the values of 𝜇 = 1∕20, 𝑏 = 0 and ℎ = 1 computed 
numerically from the initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) = (0.01, 0.01, ℎ).

5. Discussion

In this work we proved that the energy function of two and three-
dimensional coarse systems can be directly deduced from the so-called
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Fig. 7. A periodic orbit of model (33).

flow curvature manifold, i.e. the curvature when 𝜇 → 0. Then, we prove 
that the rate of change of the energy function of such coarse systems is 
equal to the scalar product of the vector field (velocity) and its first 
time derivative (acceleration) at first order in 𝜇.

The comparison between both tangential and normal components 
of the acceleration has enabled to provide an interpretation of the two 
main relationships established in this work. We thus proved for 2D 
& 3D coarse systems that when 𝜇 → 0, curvature, i.e., energy function
expresses the magnitude of normal acceleration. We also proved that 
the rate of change of the energy function is proportional to the tangential 
acceleration and expresses the rate of change of the norm of the velocity 
vector field.

Thus, these two main results could be extended and generalized 
to ‘‘coarse systems’’ of higher dimensions than three. However, such 
a generalization would imply to define as an example a 4D coarse 
system by adding a fourth equation to the third original ones (2). But on 
one hand, the definition of this last equation will not be necessary the 
unique one, and on the other hand, the number of remaining terms in 
the curvature (6) will increase according to the dimension as already 
highlighted through the two examples of 2D & 3D coarse systems. 
Thus, the convergence will be more difficult to establish. However, by 
considering that the last equation can be written as 𝑢̇ = 𝜇𝑘(𝑥, 𝑦, 𝑧, 𝜇)
where 𝑘 is a function of class 𝐶4, the generalization will then pose no 
difficulty.

In this work, the considered 2D & 3D coarse systems are not a 
generalized version of multi scale problems where the diffusion term 
or the high error derivatives are also having parameters which are 
arbitrarily small. Hence the present class of systems is having limited 
applications as they are not of singularly perturbed nature where the 
solution varies rapidly in a small region and smoothly outside of it. 
This induces a limitation for proving the energy function for higher 
dimensional systems. Singularly perturbed Differential equations are 
extremely difficult for numerical approximations as well as for the 
stability analysis for nonlocal cases including well posedness properties 
(see the works of Kumar et al. [22–26] or those of Sarkar et al. [27] 
and Saw et al. [28]).
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Appendix A. Identity between energy functions and their rate of 
change

In this first appendix, we prove the identity between the energy 
function 𝐻 and its rate of change 𝑑𝐻∕𝑑𝑡 given by the classical method 
(11)–(12) and those given by both Helmholtz’s theorem (16)–(17) and
Flow Curvature Method (19)–(20). For sake of simplicity and since the 
following proof holds for both 2D and 3D coarse systems (1) and (2), 
we omit to express the arguments of functions 𝑓 and 𝑔 and their time 
derivatives in what is presented below. Let us start from the rate of 
change of the energy function given either by the Helmholtz’s theorem 
(17) or by the Flow Curvature Method (20): 
𝑑𝐻
𝑑𝑡

= 𝑑
𝑑𝑡

(

𝑥̇2

2
+

𝑦̇2

2

)

= 𝜇
(

𝑥̇ ̇𝑓 + 𝑦̇𝑔̇
)

(A.1)

Then, according to (1), 𝑦̇ = −𝑥 + 𝜇𝑔. Thus, we have: 
𝑦̇2

2
= 𝑥2

2
− 𝜇𝑥𝑔 +

𝜇2

2
𝑔2 (A.2)

By replacing this expression (A.2) in Eq. (A.1) leads to: 
𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2
− 𝜇𝑥𝑔 +

𝜇2

2
𝑔2
)

= 𝜇
(

𝑥̇ ̇𝑓 + 𝑦̇𝑔̇
)

(A.3)

This gives: 
𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2

)

− 𝜇𝑥̇𝑔 − 𝜇𝑥𝑔̇ + 𝜇2 𝑔𝑔̇ = 𝜇
(

𝑥̇ ̇𝑓 + 𝑦̇𝑔̇
)

(A.4)

After factorization, we have: 

𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2

)

− 𝜇𝑥̇𝑔 + 𝜇

=𝑦̇
⏞⏞⏞⏞⏞⏞⏞
(−𝑥 + 𝜇𝑔) 𝑔̇ = 𝜇

(

𝑥̇ ̇𝑓 + 𝑦̇𝑔̇
)

(A.5)

Finally, we obtain: 
𝑑
𝑑𝑡

(

𝑥̇2

2
+ 𝑥2

2

)

= 𝜇
( ̇𝑓 + 𝑔

)

𝑥̇ (A.6)

Then, the proof is stated.

Appendix B. Additional term in the energy function 𝑯 of 2D coarse 
systems

According to Eq. (18), the curvature reads: 
𝜅 = 𝑥̇2 + 𝑦̇2 + 𝜇

(

𝑦̇ ̇𝑓 − 𝑥̇𝑔̇
)

= 0. (B.1)

Let us compute the expression of the third term in the right hand 
side. To this aim, let us replace ̇𝑓 and 𝑔̇ by: 
̇𝑓 =

𝜕𝑓
𝜕𝑥

𝑥̇ +
𝜕𝑓
𝜕𝑦

𝑦̇,

𝑔̇ =
𝜕𝑔
𝜕𝑥

𝑥̇ +
𝜕𝑔
𝜕𝑦

𝑦̇.
(B.2)

Thus, we have: 

𝜇
(

𝑦̇ ̇𝑓 − 𝑥̇𝑔̇
)

= 𝜇
(

𝜕𝑓
𝜕𝑥

𝑥̇𝑦̇ +
𝜕𝑓
𝜕𝑦

𝑦̇2 −
𝜕𝑔
𝜕𝑥

𝑥̇2 −
𝜕𝑔
𝜕𝑦

𝑥̇𝑦̇
)

(B.3)
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By replacing 𝑥̇ and 𝑦̇ by their expressions given by (1), we find: 

𝜇
(

𝑦̇ ̇𝑓 − 𝑥̇𝑔̇
)

= 𝜇
(

𝜕𝑓
𝜕𝑥

𝑥2 − (
𝜕𝑓
𝜕𝑥

−
𝜕𝑔
𝜕𝑦

)𝑥𝑦 −
𝜕𝑔
𝜕𝑦

𝑦2
)

− 𝜇2
(

2𝑥𝑔
𝜕𝑓
𝜕𝑦

− (
𝜕𝑓
𝜕𝑥

−
𝜕𝑔
𝜕𝑦

)(𝑦𝑔 − 𝑥𝑓 ) + 2𝑦𝑓
𝜕𝑔
𝜕𝑥

)

+ 𝜇3
(

𝑔2
𝜕𝑓
𝜕𝑦

+ (
𝜕𝑓
𝜕𝑥

−
𝜕𝑔
𝜕𝑦

)𝑓𝑔 − 𝑓 2 𝜕𝑔
𝜕𝑥

)

(B.4)

From Eq. (B.4), we observe that for small 𝜇 regime the whole 
expression tends to zero provided that 𝑥, 𝑦, the functions 𝑓 , 𝑔 and their 
partial derivatives are bounded. This condition might be satisfied either 
for a periodic motion or for a chaotic attractor. This is the case for the 
Van der Pol system (33) the solution of which is a limit cycle and for 
the Li-Sprott model (38) which exhibits a bounded chaotic attractor. 
When 𝜇 is not considered ‘‘small’’ the identity between energy function
and curvature is no more valid.

Appendix C. Additional term in the energy function 𝑯 of 3D coarse 
systems

According to Eq. (30), the curvature reads: 

𝜅(𝑥, 𝑦, 𝑧, 𝜇) =
√

[𝑥̇2 + 𝑦̇2 + 𝜇
(

𝑦̇ ̇𝑓 (𝑥, 𝑦, 𝑧, 𝜇) − 𝑥̇𝑔̇(𝑥, 𝑦, 𝑧, 𝜇)
)

]2 + 𝑂(𝜇2) = 0..

(C.1)

Let us compute the expression of the third term in the right hand 
side. To this aim, let us compute the coordinates of the vector ̇⃗𝑋 ∧ ̈⃗𝑋
appearing in the definition of the curvature (6). For sake of simplicity, 
we omit to express the arguments of functions 𝑓 and 𝑔 and their time 
derivatives in what is presented below. We find: 

̇⃗𝑋 ∧ ̈⃗𝑋 =

⎛

⎜

⎜

⎜

⎝

− 𝑥̇𝑧̇ + 𝜇(𝑧̇𝑔̇ − 𝑦̇ℎ̇)

− 𝑦̇𝑧̇ + 𝜇(𝑥̇ℎ̇ − 𝑧̇ ̇𝑓 )

𝑥̇2 + 𝑦̇2 + 𝜇(𝑦̇ ̇𝑓 − 𝑥̇𝑔̇)

⎞

⎟

⎟

⎟

⎠

(C.2)

Since the curvature (6) is defined by the Euclidean norm of the above 
vector (C.2), the additional term in the energy function (30) reads: 
(

−𝑥̇𝑧̇ + 𝜇(𝑧̇𝑔̇ − 𝑦̇ℎ̇)
)2 +

(

−𝑦̇𝑧̇ + 𝜇(𝑥̇ℎ̇ − 𝑧̇ ̇𝑓 )
)2 (C.3)

Here again, from Eq. (C.3), we observe that for small 𝜇 regime the 
whole expression of the curvature (6) tends to 𝑥̇2+ 𝑦̇2 provided that 𝑥, 𝑦, 
𝑧, the functions 𝑓 , 𝑔, ℎ and their partial derivatives are bounded. This 
condition might be satisfied either for a periodic motion or for a chaotic 
attractor. This is the case for the Li-Sprott model (38) which exhibits 
a limit cycle or a bounded chaotic attractor. When 𝜇 is not considered 
‘‘small’’ the identity between energy function and curvature is no more 
valid.
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