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1 Introduction

Some of the coexisting attractors in symmetric or asymmetric systems share the geo-
metric structure evenwith unifiedLyapunovexponents [1–10]. In symmetric systems,
many of the coexisting attractors stand in separate subspace respecting to some of
the coordinate-axis [1–7]. Coexisting attractors may be embedded in each other in
asymmetric systems [8–10]. Dynamical systems may exhibit coexisting attractors
with other relative positions, specifically some of which in phase space may have
some property of symmetry according to a super-plane but need extra offset boost-
ing. The symmetry mentioned above is obtained from a necessary transformation
and therefore, is defined as conditional symmetry. As shown in Fig.1, an asymmetric
system can be revised to be symmetric one by polarity revise in the feedback term
while conditional symmetric system needs a function-based polarity balance.

Any transformation in a dynamical system should obey the basic law of polarity
balance to maintain its basic dynamical properties. A symmetric system keeps its
polarity balance even when some of the variables get polarity reversed. More gen-
erally, the polarity imbalance in a dynamical system can be induced by the polarity
reversal of any of the variables, or from the function in the feedback, or even from
the time dimension. Polarity reverse from some of the variables can retain its polarity
balance in a symmetric system while an asymmetric one loses its balance of polarity.
It shows that the polarity balance can be restored in some specific asymmetric sys-
tems when some of the variables are offset boosted in the feedback function where
the offset boosting does not change the polarity of the left-hand side of the differ-
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Fig. 1 System structure
connected with symmetry

ential equation but give a negative sign on the right-hand side. In the following, we
discuss the conception of conditional symmetry and the approach for constructing
a conditional symmetric system with newly found examples. Here, the fundamental
factor is polarity control. This control sometimes is combined with other control like
frequency control, amplitude control making the attractor(s) with different geometric
and distribution characteristics.

2 Conception of Conditional Symmetry

Offset boosting is the key factor for understanding conditional symmetry since it
does not bring any change with derivative operation but can bring a negative sign in a
nonmonotonic function. For a dynamical system Ẋ = F(X) (X = (x1, x2, ..., xN )),
a variable substitution of x j → x j + d j (here, 1 � j � N ,i ∈ {1, 2, ..., N } \ { j}
makes the variable x j in system Ẋ = F(X) exhibit offset boosting, which means
that the average of the variable x j is boosted by the new introduced constant d j .
Specifically, if the above substitution only introduces a separate constant d j in one
dimension on the right-hand side of the equations, then the systemcanbe regarded as a
offset-boostable system [11]. In electrical circuit, the variable x j represents a circuit
signal, and the newly introduced constant d j is a direct current source. Similarly, a
dynamical system Ẋ = F(X) = ( f1(X), f2(X), ..., fN (X)) (X = (x1, x2, ..., xN ))

can be defined as an N-D offset-boostable system [11–14] if there exist n vari-
able substitutions recover its governing equation, except for n additional constants
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allowing offsets with those variables. As reported in Ref. [14], the nonmonotonic
function like an absolute value function or a trigonometric function may result in a
polarity reversal, which can be applied to reconstruct polarity balance for conditional
symmetry.

For a differential equation Ẋ = F(X) = ( f1(X), f2(X), ..., fN (X)) (X =
(x1, x2, ... , xN )), if there exists a variable substitution including polarity rever-
sal and offset boosting like ui1 = −xi1 , ui2 = −xi2 , ..., uik = −xik , u j1 = −x j1 +
d j1 , u j2 = −x j2 + d j2 , ..., u jl = −x jl + d jl , ui = xi (here, 1 � i1, ..., ik � N , 1 �
j1, ..., jl � N , i1, ..., ikand j1, ..., jl are not identical, i ∈ {1, 2, ..., N } \ {i1, ...,
ik, j1, ..., jl}), the derived equation retains its balance of polarity on the two sides
of the equation and satisfies U̇ = F(U ) (U = (u1, u2, ..., uN )). The correspond-
ing system Ẋ = F(X) (X = (x1, x2, ..., xN )) is defined as one of l-dimensionally
conditional symmetry, since the polarity balance needs l-dimensional offset boost-
ing [12, 13]. Specifically, for a three-dimensional dynamical system, Ẋ = F(X)

(X = (x1, x2, x3)), there exist only conditional rotational symmetry in 1-dimension
and conditional reflection symmetry in 1-dimension or 2-dimension. Note that offset
boosting does not produce a minus sign on the left-hand side of the equation, since
d(x jm + d jm) = d(x jm).

3 Constructing Conditional Symmetry from Single Offset
Boosting

A jerk system is a simple structure to pass the polarity, which consequently pro-
vides an easy way to consider polarity balance. Such a case can be found even in a
hypogenetic chaotic jerk flow JH5with absolute value nonlinearities [15], as follows:

⎧
⎨

⎩

ẋ = |y| − b,
ẏ = z,
ż = f (x) − y − az.

(1)

When a = 0.6, b = 1, f (x) = |x | − c, c = 2, the system (1) is chaotic and has
two coexisting symmetric attractors, with Lyapunov exponents (0.0534, 0,−0.6534)
and Kaplan-Yorke dimension DKY = 2.0817, as shown in Fig. 2. System (1) has four
equilibrium points, (±3, 1, 0), (±1,−1, 0), which may consist of the centers of dif-
ferent attractors. The symmetric coexistence of chaotic solutions can be explained
by a transformation. Even the structure of system (1) has no symmetry, a variable
boosting in the variable x can return a symmetry-like transformation, which is now
defined as conditional symmetry and correspondingly give birth to symmetric bista-
bility. Specifically, let x = u + d, y = −v, z = −w(here, d is a new introduced
constant). If the condition c = (|x | + |u + d|)/2 is satisfied, the new deduced sys-
tem has a conditional rotational symmetry because the symmetry-like transformation
(̇u) = |v| − b, (̇v) = w, (̇w) = −|u + d| − v − aw + c can be obtained. In the new
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Fig. 2 Symmetric strange attractors for system (1) with a = 0.6, b = 1, c = 2. a x-y plane. b x-z
plane. c y-z plane

Fig. 3 Asymmetric strange attractors for system (1) with a = 0.6, b = 1.5, c = 2. b x-y plane.
b x-z plane. c y-z plane

space of variables u, v, w, the newly derived equations are conditionally identical to
the original one, when c − |u + d| = |x | − c. Here, the symmetry is obtained on the
condition equation in the z-dimension. The basins of attraction are shown in Fig. 4a,
as predicted, although the regions in light blue and red representing two different
attractor basins are asymmetric, the strange attractors, represented in cross section
by black lines, are symmetric and nearly touch their basin boundaries. Two of the
equilibrium points are within the attracting basins, while the other two are on the
basin boundary. As shown in Fig. 3, when b = 1.5, two asymmetric strange attractors
coexist, whose attracting basins are shown in Fig. 4b. Here, the black lines of cross
section are asymmetric.

A similar chaotic system of conditional rotational symmetry can be obtained if
the absolute value function of y is replaced by a quadratic function rewritten as

⎧
⎨

⎩

ẋ = y2 − a,

ẏ = bz,
ż = −y − z + f (x).

(2)

The revised system keeps on the polarity balance required for the symmetry trans-
formation from the polarity reversal of the function given by offset boosting. The sys-
tem (2) yields coexisting symmetric attractors according to the y-axis and z-axis, as
shown in Fig. 5. System (2) has two groups of equilibria with the same stability when
a = 1.22, b = 8.48, f (x) = |x | − 3, which are P11 = (4.1045, 1.1045, 0), P12 =
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Fig. 4 Cross section z = 0 of the basins of attraction for the symmetric strange attractors of system
(5). a a = 0.6, b = 1, c = 2. b a = 0.6, b = 1.5, c = 2.

Fig. 5 Symmetric strange attractors for system (2) with a = 1.22, b = 8.48, f (x) = |x | − 3.
a x-y plane. b x-z plane. c y-z plane

(1.8955, 1.1045, 0), P21 = (1.8955, 1.1045, 0), P22 = (4.1045, 1.1045, 0). When
|u + c| − 3 = 3 − |x |, the transformation x → u + c, y → −v, z → −w in Eq. (2)
is subject to the same governing equation and therefore generates coexisting rota-
tional symmetric attractors. The basin of attraction for the coexisting attractors shows
that the symmetric attractors lie in corresponding asymmetric basins [14].

As another case, we can construct a conditional reflection symmetric system by
introducing the absolute value function for returning a polarity balance based on
offset boosting [14], as follows:

⎧
⎨

⎩

ẋ = y2 − az2,
ẏ = −z2 − by + c,
ż = yz + f (x).

(3)

System (3) alsohas twogroupsof equilibria,which are P11=(6.5576, 1.5, 2.3717),
P12 = (1.9881, 0.8, 1.2649), P13 = (4.0119, 0.8, 1.2649), with eigenvalues λ11 =
(0.6029, 1.9265 ± 3.7926i), λ12 = (1.5526, 0.3013 ± 1.9123i), and λ13=(1.4116,
1.1808 ± 1.6515i), respectively, P21 = (6.5576, 1.5, 2.3717), P22 = (4.0119, 0.8,
1.2649), P23 = (1.9881, 0.8, 1.2649), with the same eigenvalues λ21 = (1.1397,
1.0551 ± 2.9085i), λ22 = (1.5526, 0.3013 ± 1.9123i), and λ23=(1.4116, 1.1808±
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Fig. 6 Symmetric strange attractors for system (3) with a = 0.4, b = 1.75, c = 3, f (x) = |x | −
3. a x-y plane. b x-z plane. c y-z plane

1.6515i), respectively. The equilibrium point P21 is also a stable focus, and there-
fore it coexists with the other strange attractors [14]. The conditional symmetry of
Eq. (3) is obtained by the offset boosting of the variable x resulting in a polarity
reversal |u + c| − 3 = 3 − |x |, which completes polarity balance for the conditional
symmetry transformation x → u + c, y → v, z → −w. Moreover, the conditional
symmetry can also be constructed by introducing other non-monotonic functions
F(x), such as F2(x) = 3 − |x |, F3(x)= 1.5sin(x), and F4(x)= 1.5cos(x). Since the
trigonometric functions sin(x) and cos(x) are also periodic, the attractor basin will
be correspondingly periodic giving two groups of infinitely many duplication of the
attractors [13].

4 Constructing Conditional Symmetry from Multiple
Offset Boosting

More generally, conditional symmetry can be constructed from a structure with mul-
tiple offset boosting in addition to rigid variable-boostable systems [11]. Let us think,
if the goal is to construct a conditional reflection symmetric system given the polarity
reversal in the variable xi , the polarity revise of the dimension of xi on the left-hand
side of xi in turn requires the adjustment in the polarity with the terms on the right-
hand side of xi to get− fi (X). At the same time, all the other dimensions should keep
the polarity balance regardless of that −xi may introduce a minus sign on the right-
hand side, which further requires a newpolarity reverse fromoffset boosting to cancel
it. Here, the polarity balance of a polynomial equation f j (X) is saved by introducing
new functions in f j (x1, x2, ...,−xi , ..., Fj1(x j1), Fj2(x j2), ..., Fjl (x jl ), ..., xN ) (1 �
j1, ..., jl � N , j1, ..., jl are not identical, and l is anodd) for variables (x j1 , x j2 , ..., x jl),
which admits offset boosting returning a newminus sign to cancel the one from−xi ,
by Fjm(x jm + d jm = −Fjm)(x jm) ( j1 � jm � jl).

Four general equations for hosting conditional symmetry are designed for exhaus-
tive computer searching [12]. We can conclude that Eqs. (4) and (5) can be trans-
formed to exhibit conditional symmetry from 1D offset boosting, while Eqs. (6) and
(7) can be modified to show conditional symmetry from 2D offset boosting. Equa-
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ẋ
=

1
−

G
(y

)z
,

ẏ
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Fig. 7 Coexisting attractors. a CSS1 induced by 1D offset boosting in the y-dimension. b CSS2
induced by 1D offset boosting in the z-dimension. c CSS3 induced by 2D offset boosting in the x
and y dimensions. d CSS4 induced by 2D offset boosting in the y and z dimensions

Fig. 8 Coexisting attractors in CSS4 induced by 2D offset boosting in the y and z dimensions. a
F(y) = |y| − 5, and G(z) = |z| − 3.3. b F(y) = |y| − 4.5, and G(z) = |z| − 5

tions (4) and (5) are different from the above mentioned cases reported in Ref. [14],
where a single 1D offset boosting is in the third dimension. Here, the new conditional
symmetry comes from a jerk structure, where the reflection or rotational symmetry
is broken by a neighbor variable, but the polarity balance can be restored by a gen-
eral offset boosting. Equations (6) and (7) are the structures for hosting conditional
reflection symmetry, where 2D offset boosting is necessary for restoring polarity bal-
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Fig. 9 Coexisting attractors for system (9) with F(x) = |x | − 5.5, G(z) = |z| − 5. a x-y plane.
b x-z plane. c y-z plane. Red is for IC = (4.2,−1.5, 5) and green is for IC = (−5,−1.5,−5)

Fig. 10 Coexisting attractors for system (9) with F1 = |x | − 6.6, F2 = |x | − 6. a x-y plane. b x-z
plane. c y-z plane. Red is for IC = (4.2,−1.5, 5) and green is for IC = (−5,−1.5,−5)

Fig. 11 Lyapunov exponents and average value for system (9) with F(x) = |x | − 5.5, G(z) =
|z| − b. a IC = (4.2,−1.5, 5 + b). b IC = (−5,−1.5,−5 − b)
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Fig. 12 Coexisting attractors for system (9) in the y–z plane. Red is for IC = (4.2,−1.5, 5)
and green is for IC = (−5,−1.5,−5). a F(x) = |x | − 5.5, G(z) = |z| − 5. b F(x) = |x | −
5.5, G(z) = |z| − 9

Fig. 13 Bifurcation diagrams and Lyapunov exponents of system (9) with F(x) = |x | −
5.5, G(z) = |z| − 5, when c is varied in [0.1, 1.2]. a IC = (4.2,−1.5, 5). b IC = (−5,−1.5,−5)

ance. Newly constructed conditional symmetric systems (CSS) are listed in Table1,
exhibiting chaotic coexisting attractors.

⎧
⎨

⎩

ẋ = y,
ẏ = z,
ż = a1xy + a2x2 + a3y2 + a4z + a5z2 + a6.

(4)
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Fig. 14 Some other coexisting attractors of system (9) with F(x) = |x | − 5.5, G(z) = |z| − 5,
where IC = (4.2,−1.5, 5) is red, IC = (−5,−1.5,−5) is green. a c = 0.1. b c = 0.17. c c = 0.3.
d c = 0.59

⎧
⎨

⎩

ẋ = y,
ẏ = z,
ż = a1x2 + a2y2 + a3xy + a4xz + a5yz + a6z2 + a7.

(5)

⎧
⎨

⎩

ẋ = a1z2 + a2xz + a3yz + a4,
ẏ = a5z2 + a6xz + a7yz + a8,
ż = a9z + a10x + a11y.

(6)

⎧
⎨

⎩

ẋ = y,
ẏ = xz,
ż = a1xy + a2xz + a3x2 + a4y2 + a5z2 + a6yz + a7.

(7)

Symmetric pairs of coexisting attractors in the conditional symmetric versions
are shown in Fig. 7. Figure7a shows the coexisting attractors in CSS1 induced by
1D offset boosting in the y-dimension, while Fig. 7b plots the coexisting symmetric
attractors in the plane x = 0, requiring an offset boosting in the z-dimension. Two
symmetric attractors in the plane z = 0 in system CSS3 demand offset boosting in
the x and y dimensions, as indicated in Fig. 7c. In Fig. 7d, two symmetric attractors in
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the plane x = 0 in system CSS4 require offset boosting in the y and z dimensions. A
suitable threshold in the non-monotonic operation F(.) is necessary for restoring the
polarity balance under offset boosting. For F(x) = |x | − a, to obtain F(x + 2a) =
|x + 2a| − a = −F(x) (or, F(x − 2a) = |x − 2a| − a = −F(x)), the variable x
should be in the region [−2a , 0] (or, [0, 2a]) (a � 0). Modifying the threshold can
give coexisting asymmetric attractors [12], as shown in Fig. 8.

5 Constructing Conditional Symmetric System from
Revised Polarity Balance

It is found that even a symmetric system [16–20] is possible to revise the polarity
balance to obtain the conditional symmetry. An easy example is from the rotational
symmetry in the Sprott B system:

⎧
⎨

⎩

ẋ = yz,
ẏ = x − y,
ż = 1 − xy.

(8)

Here, the polarity balance maintains from−x and−y for the symmetric structure.
Meanwhile, the unique structure can still maintain its polarity balance when the
polarity is changed from an extra function without revising its basic dynamics, as

⎧
⎨

⎩

ẋ = G(z)y,
ẏ = F1(x) − y,
ż = c − F2(x)y.

(9)

When F1(x) = F2(x) = F(x) = |x | − 5.5, G(z) = |z| − 5, c = 1, system (9)
exhibits coexisting conditional reflection symmetric attractors with Lyapunov expo-
nents (0.2101, 0,−1.2101) and Kaplan-Yorke dimension DKY = 2.173, as shown in
Fig. 9.

Mismatched offset boosting may result in asymmetric coexisting attractors. In
system (8), the variable x appears twice, and so two functions are necessary for con-
ditional symmetry.Moreover, these two functions should keep phase synchronization
for returning the same polarity reverse. As shown in Fig. 10, when F1 = |x | − 6.6,
F2 = |x | − 6 and G(z) = |z| − 5, two asymmetric strange attractors appear, as pre-
dicted. Offset controllers in different variables may keep independent from each
other, as shown in Fig. 11. When F(x) = |x | − 5.5, G(z) = |z| − b and b is varied,
as in Ref. [5, 9], the average of the variable z changes smoothly without revising the
averages of other variables x and y with the same Lyapunov exponents. As shown in
Fig. 12, larger offset controller b makes the symmetric pair of coexisting attractors
farther in the z-dimension.

Normal bifurcation parameter c in system (9) control the dynamical behavior
dramatically. But in the special structure of conditional symmetry, system (9) displays
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coexisting bifurcations from different initial conditions, as shown in Fig. 13. The
common bifurcation controller cmay lead to different evolutions, giving asymmetric
coexisting attractors, as shown in Fig. 14.

6 Discussions and Conclusions

Multi-stability shows that various profiles, specifically symmetric strange attractors
and asymmetric ones, can coexist in asymmetric basins of attraction within a simple
nonlinear structure due to conditional symmetry. Offset boosting is the key routine
for restoring polarity balance and thereafter produces symmetric pairs of coexisting
attractors. Offset-boostable system provides a compact structure for coining condi-
tional symmetric system, while multiple dimensional offset boosting can find more
cases of chaotic systems of conditional symmetry. Mismatched offset boosters may
draw the system to exhibit asymmetric coexisting attractors. The symmetric system
can also be transformed into a conditional symmetric one if the polarity balance is
restored based on offset boosting.
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