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Abstract—In this brief, nonideal behaviors of analog multipliers are explicitly taken into account in the design of nonlinear
electronic circuits. The nonidealities of the analog multipliers led
to further nonlinear terms that, instead of being considered as
parasitic effects, are here explicitly accounted for and exploited to
generate new complex dynamics, including chaos. In fact, despite
the accuracy of analog devices, nonideal effects are always present,
even if often neglected. An analog circuit based on a new nonlinear
system is designed and tested, in which the nonideal terms in the
multiplier input/output relation are essential for the onset of chaos,
thus demonstrating the suitability of the approach.
Index Terms—Analog multiplier, chaos, nonlinear circuits.

I. I NTRODUCTION

T

HE study of nonlinear dynamics involves the application of methods derived from different fields. Although
nonlinear mathematical models describing the behavior of real
systems are studied using analytical tools and numerical simulations [1], an alternative and, in some cases, complementary
approach is to use physical analogues of the mathematical
models. Such analogues exploit analogies with mechanical [2],
hydraulic [1], or electronic systems [3] to build an equivalent
physical system that allows experimentation and includes the
effects of noise and other nonideal behaviors that are always
present in real systems.
Several important advantages are introduced by using electronic circuits based on the mathematical equations of a dynamical model. The investigation and characterization of the
dynamical properties of the model are facilitated by collecting
data with standard laboratory equipment such as oscilloscopes
and data acquisition boards. Furthermore, the design of the
analog circuit can benefit from detailed guidelines that can
be defined [3], relying on simple low-cost components such
as resistors, capacitors, and operational amplifiers. Observing
complex phenomena using analog circuits thus reduces experimentation costs and increases the repeatability of sensitive experiments. Circuits can also be implemented with user-defined
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time scales, allowing for rapid observations in the presence
of slow real dynamics. Several complex phenomena typical of
nonlinear dynamics have been characterized by using electronic
analogues: chaos [3], [4], hyperchaos [5], control of chaos
[6], multiscroll attractors [7], [8], strange nonchaotic attractors
[9], intermittency [10], synchronization, chimera states, and
neuron-like dynamics [11].
In the design, electrical components are usually considered
to be ideal. However, real circuit components may behave far
from the ideal model. The usual design strategy is to define
the working conditions in which components can be effectively
considered ideal, usually avoiding the ranges in which nonideal
behavior is problematic. For instance, it is known that, under
specific conditions, the characteristic of diodes used to implement piecewise linear (PWL) functions can sensibly deviate
from ideality [12].
In this brief, a new design strategy for circuits showing a
complex behavior is presented, exploiting the nonideal properties of analog multipliers and, in particular, their dynamical
effects. Apart from the nominal static model, multipliers based
on the four-quadrant cell are known to have nonideal memory
effects.
In this brief, a procedure to design and implement chaotic
circuits considering a nonideal analog multiplier is presented.
A new chaotic system with both static and dynamic nonlinearities is introduced, showing that the onset of chaos is strictly
related to the presence of the normally unwanted effects. The
remainder of this brief is organized as follows. In Section II,
the nonideal dynamical model of two cascaded analog multipliers is presented and a procedure is adopted to evaluate its
frequency-dependent parameters. In fact, most of the existing
models for analog multiplier nonidealities consider constant
parameters, but it turned out that, for our purposes, the model
has to be refined by taking into account the broadband nature
of the signals generated in the circuit. In Section III, the mathematical model of the new chaotic system is presented, while in
Section IV, the design of the analog circuit and the experimental
results are reported. Finally, Section V gives the conclusion.

II. N ONIDEAL E FFECTS IN THE A NALOG M ULTIPLIER
The most common nonlinearities in chaotic oscillators are
polynomials or the products of two state variables. For this
reason, nonlinear circuits designed from a mathematical chaotic
system usually require analog multipliers, either voltage [14] or
current multipliers [15].
Off-the-shelf analog multipliers, such as the AD633 adopted
in this brief, are based on the four-quadrant multiplier [14].
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However, it has been proved in [13] that a static model is not sufficient to describe the input/output relationship of such multipliers. To overcome this limitation, in [13] a dynamical model
considering the memory effect involving time derivatives of the
inputs is introduced. According to this model, the output of the
multiplier is given by


Vout = K Vx (t)Vy (t)−TA V̇x (t)Vy (t)−TB Vx (t)V̇y (t) (1)
where Vx (t) and Vy (t) are the two inputs and K, TA , and
TB are parameters characteristic of the multiplier. The values
of the model parameters, that spoil the correct multiplication
of the two input signals, can be estimated using a frequencydependent analysis [13] that relies on a linear approximation
assuming that the driving signals are narrowband.
This characterization works well for the case in which the
signals are periodic, but it is not sufficient for the design of
chaotic circuits. Chaotic signals, in fact, are characterized by a
broadband spectrum. Usually, chaotic circuits produce signals
with frequencies as high as 10–60 kHz or more [3]. To derive
a dynamical model of the analog multiplier that can be used
for chaotic circuit design, the broadband nature of the signals
must be considered and the linear approximation assumed in
[13] is not sufficiently detailed [16]. In this case, parameters
are still constant, but their values depend on the bandwidth of
the driving signals. In order to estimate the input/output relationship, a symbolic regression algorithm [17] on experimental
data acquired from a cascade of two analog multipliers driven
by broadband signals may be applied.
Following this approach, the two cascaded multipliers have
been driven with an input noise filtered with a low-pass filter
with different cutoff frequencies, and the output has been
acquired using a NI-USB6255 data acquisition board with a
sampling frequency fs = 400 kHz. Acquired data are then used
to derive the input/output relationship of the two analog multipliers through the symbolic regression algorithm that identifies
the following mathematical form:
Vout = K(B)2 (x3 − T (B)ẋx2 )

(2)

where B is the bandwidth of the driving signals. It is worth
noticing that higher order terms are associated with coefficients
whose identified value is at least one order of magnitude smaller
than T and, hence, they can be neglected. In Fig. 1, the functional dependence of the model parameters on the bandwidth B
of the driving signals is shown.
The linear fitting of the model parameters evaluated from the
data allows one to choose the suitable temporal rescaling for
the nonlinear circuits so that the desired values of K and T
are actually implemented. In particular, the further nonlinear
term T ẋx2 , whose realization does not need additional circuit
components, can be suitably designed in order to generate the
conditions under which chaotic dynamics are obtained. In order
to show the effectiveness of the approach, in the following the
design of a new chaotic circuit exploiting the presence of this
further nonlinear term is presented. We remark that the focus of
this brief is not the design of a circuit with a reduced number of
components [18] but rather to show the occurrence of strange
attractors due to the presence of nonideal terms in the cascaded
analog multipliers.

Fig. 1. Parameter estimation of the multiplier model using broadband signals.
(a) K as a function of the bandwidth B of the noise input signal of the input
signal and a linear fit K = −0.002B + 1.04. (b) T as a function of the
bandwidth B of the noise input signal and a linear fit T = −5.56 · 10−8 B +
6.274 · 10−6 .

III. N EW M ODEL FOR C HAOTIC O SCILLATIONS
Consider the following third-order autonomous dynamical
system:
ẋ = y − ax
ẏ = γx − Rx3 + Γz − by
ż = α − βz 2 − x2

(3)

where a and b are positive dissipation rates and γ, R, α, β,
and Γ are system parameters. This system is an extension of
the conservative system proposed in [19] for gross modeling
of plasma instabilities in magnetic plasma confinement devices
such as the tokamak. In (3), the dissipative terms ax and by
are explicitly considered, as well as a new feedback term Γz
coupling the axisymmetric mode z to the second-order x−y
dynamical system modeling instability amplitudes.
An important parameter for the system is γ, considered here
as the bifurcation parameter. Choosing a = b = 0.1, R = 1.09,
Γ = 0.7, α = 1, and β = 0.001 gives the bifurcation diagram
shown as blue in Fig. 2(a). For the range of γ considered,
there is always a period-1 limit cycle with constant amplitude,
similar to the behavior reported in [19] where the axisymmetric
variable z has no effect on the instability amplitude.
Now reconsider (3) by including a further nonlinearity
F (x, ẋ) given by
ẋ = y − ax
ẏ = γx − RF(x, ẋ) + Γz − by
ż = α − βz 2 − x2

(4)
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Fig. 3. Attractor for a = b = 0.1, R = 1.09, Γ = 0.7, α = 1, β = 0.001,
δ = 0.16, and γ = 0.45. The two blue dots represent the saddle focus equilibrium points.
Fig. 2. (a) Bifurcation diagrams of system (3) (blue) and of system (4) (red)
with respect to the bifurcation parameter γ. Local maxima of the state variable
x are represented for each value of γ from 0 to 0.5. Other parameters are as
indicated in the text. (b) Lyapunov spectrum for system (4) with respect to the
bifurcation parameter γ, calculated according to the method in [22] for a total
integration time T = 107 with step size Δt = 0.01. Other parameters are as
indicated in the text.

where the form of F (x, ẋ) sensibly affects the system behavior.
In particular, the dependence of F on the first-order derivative
of x gives the possibility of chaotic dynamics, which is not
obtained without this term. When F (x, ẋ) = x3 − δ ẋx2 , where
δ is a constant parameter, the nonlinear function consists of two
terms, a static nonlinearity x3 and a product nonlinearity ẋx2 ,
involving a square and a derivative operation. This modification
corresponds to the explicit introduction of nonideal terms for
two cascaded analog multipliers realizing the cubic operation
in the previous section. In addition, the ẋ factor can be replaced
by y − ax to make (4) formally autonomous.
For δ = 0.16, the system in (4) shows a bifurcation diagram
with respect to γ, reported in red in Fig. 2(a), which includes
a cascade of period doublings toward a chaotic window. Not
shown in the figure is a region around 0.04 < γ < 0.08 where
a period-3 limit cycle coexists with the period-1 limit cycle. The
three Lyapunov exponents shown in Fig. 2(b) confirm that the
attractor is chaotic for γ > 0.4.
The attractor obtained for γ = 0.45 is shown in Fig. 3 projected onto the xy-plane. It has Lyapunov exponents given by
(0.0692, 0, –0.1406) and a Kaplan–Yorke dimension of 2.4921.
Its basin of attraction is relatively small, bounded, and with
smooth boundaries.
In the range of the parameters considered, the occurrence of
chaos is purely a consequence of the dynamical term ẋx2 in the
nonlinear function F . In fact, setting δ = 0, system (4) reduces
to (3), whose bifurcation diagram [blue line in Fig. 2(a)] exhibits
a period-1 limit cycle in the whole range of γ.

IV. C IRCUIT I MPLEMENTATION
A circuit realizing the nonlinear model in (4) was designed
and implemented with off-the-shelf components. In particular,
the state variable approach in [3] was followed.
The designed circuit, whose electrical scheme is shown in
Fig. 4, uses OP-AMPs U1A, U8B, and U2B to implement the
active integrators made by a passive RC block and an algebraic
adder, and the two cascaded analog multipliers U7 and U9 to
realize the nonlinearity. OP-AMPs U11A and U13B allow the
parameter γ to be adjusted, and OP-AMPs U10B and U12B
together with diodes and resistors realize the square terms x2
and z 2 as reported in [3].
The equations governing the circuit behavior are



RF 1
RF 2
1
−1 x+
y
ẋ =
RC1 C1  R1
R2

 
RF 2
1
R3 RF 2
RF 2
RF 2
z+
−1 y
ẏ =
F+
x+
−
RC2 C2  R4
R14 R15
R5
R6
 
1
RF 3
RF 3
RF 3 2 RF 3 R33 2
ż =
V−
x −
z +
−1 z
RC3 C3 R10
R8
R9 R32
R7
(5)
where V = 1 V is a constant voltage implementing parameter α.
The nonlinear function F = x3 −δ ẋx2 of (4) has parameters
fixed by a temporal rescaling according to Fig. 1. Comparing function F with (2), it is possible to derive the relationships mapping the parameters of the cascaded multipliers
to the circuit parameters. They are R = K 2 (RF 2 /R4 ) and
δ = κT , where κ is the temporal
rescaling introduced as

τ = κt. It follows that K = R(R4 /RF 2 ) = 0.93, which, according to Fig. 1(a), is the value obtained when the spectrum
of the input signal has a bandwidth of 55 kHz. Since the
mathematical model has a bandwidth of 1.1 Hz, a coefficient
κ = 50 000 has been introduced, leading to a value of T =
3.22 · 10−6 as derived from Fig. 1(b). This implies that δ = 0.16.
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Fig. 4. Scheme of the chaotic circuit based on the nonidealities of the analog multiplier.

Since the temporal scaling factor is given by
κ=

1
1
1
=
=
.
RC1 C1
RC2 C2
RC3 C3

(6)

RC1 = RC2 = RC3 = 2 kΩ and C1 = C2 = C3 = 10 nF have
been set.
The other circuit parameters are chosen so that (5) matches (4).
In particular, R2 = R7 = R8 = R9 = R10 = R11 = R13 = RF 1 =
RF 2 = RF 3 = 100 kΩ, R1 = R6 = 112 kΩ, R4 = 80 kΩ,
R5 = 142 kΩ, R12 = 72 kΩ, R14 = 200 kΩ, R15 = 100 kΩ,
R16 = R18 = R33 = 1 kΩ, R17 = R19 = 9 kΩ, R20 = R21 =
R22 = R23 = R26 = R27 = R28 = R29 = 10 kΩ, R24 = R30 =
4 kΩ, R25 = R31 = 20 kΩ, and R32 = 1 MΩ, while R3 is a
100 kΩ potentiometer.
Signals were acquired using a National Instrument
(NI-USB6255) data acquisition board with a sampling frequency fs = 400 kHz, and the circuit behavior with respect to γ
was analyzed. The attractor shown in Fig. 5 was obtained from
the circuit with γ = 0.45 and it agrees well with the simulated
attractor in Fig. 3.
In Fig. 6, the experimental bifurcation diagram with respect
to γ is reported. The circuit follows the same route to chaos as
the model in (4) with a window of chaotic oscillation in good
agreement with the predictions shown in Fig. 2(a).
Despite the correspondence of the observed behavior with
that of model (4), the role of the circuitry implementing the
PWL approximations has to be further discussed. As reported in
[12], [20], and [21], working at high frequency, the diodes used
to implement PWL functions introduce nonideal behaviors that
can be captured by adopting the dynamical model proposed in
[12]. In order to verify that the nonideal behavior of the PWL
approximations is not responsible for the birth of chaos in the

Fig. 5. (a) 3-D plot and oscilloscope traces of the attractor (b) on the xy-plane,
(c) xz-plane, and (d) yz-plane from the circuit with γ = 0.45. The scale of the
oscilloscope traces is 500 mV/div.

proposed circuit, the two cascaded analog multipliers implementing the function F (x, ẋ) have been replaced by the diodebased circuitry realizing a cubic nonlinearity reported in [3].
The behavior of the circuit with respect to γ is reported through
the experimental bifurcation diagram traced in blue in Fig. 6,
showing that a period-1 limit cycle is observed as predicted by
model (4) with δ = 0. No chaos has been obtained in this case.
The procedure adopted allows the design of a nonlinear circuit using only two analog multipliers to implement the whole
nonlinear function F (x, ẋ). Taking into consideration an implementation of (4) not based on the introduced approach, it would
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reproduce the behavior of the most relevant instabilities. The
idea of incorporating nonideal behaviors can thus be adopted to
tune coarse-grained parameters in order to fit the observed data.
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Fig. 6. Experimental bifurcation diagram with respect to the parameter γ
shown in the local maxima of the state variable x for the circuit in Fig. 4 (red)
and replacing analog multipliers with a diode-based device implementing the
PWL approximation of F = x3 (blue).
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