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A crisis of amplitude control can occur when a system is multistable. This paper proposes a
new chaotic system with a line of equilibria to demonstrate the threat to amplitude control
from multistability. The new symmetric system has two coeﬃcients for amplitude control, one
of which is a partial amplitude controller, while the other is a total amplitude controller that
simultaneously controls the frequency. The amplitude parameter rescales the basins of attraction
and triggers a state switch among diﬀerent states resulting in a failure of amplitude control to
the desired state.
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1. Introduction
The properties of chaos such as the determinacy of a
chaotic system, the intrinsic randomness of chaotic
signals, and the sensitivity to initial conditions of
a chaotic phase trajectory have attracted intensive
interest from physicists and engineers, and consequently the study of the dynamics of chaos has
become one of the popular research topics in nonlinear dynamics. In order to apply a chaotic system to practical engineering, it is useful to design
chaotic circuits [Yu et al., 2011; Sprott, 2000, 2011]
and synchronization methods [Chen et al., 2012a,
2012b; Zhang & Yang, 2011, 2012]. However, the
broadband spectrum of chaotic signals and the sensitivity to initial conditions pose a signiﬁcant challenge to chaos ampliﬁer design. Chaotic systems
with an amplitude parameter provide the convenience of online amplitude adjustment. Chaotic systems with a constant Lyapunov exponent spectrum
[Li & Wang, 2009; Li et al., 2010; Li et al., 2012]
belong to this kind of system with an amplitude
controller. Even the Lorenz system has one partial
amplitude controller [Li & Sprott, 2013], showing
that an amplitude parameter can be found even in
systems with quadratic nonlinearities.
On the other hand, many systems are found
with multistability whether in symmetric systems
[Bao et al., 2016; Xu et al., 2016; Sprott, 2014;
Sprott et al., 2014; Li & Sprott, 2014a; Li et al.,
2015c] or asymmetric ones [Sprott et al., 2013; Barrio et al., 2009; Li et al., 2016a, 2016b]. Sprott
et al. pointed out that even a simple 3D asymmetric system can have coexisting point attractors,
limit cycles, and strange attractors [Sprott et al.,
2013]. Amplitude control may be hindered by multistability because of the inevitable shrinking or
expansion of the basins of attraction. The ﬁxed
or noisy initial conditions may walk across basin
boundaries when a system is rescaled by an amplitude controller, and therefore any of the coexisting
attractors may be triggered. This crisis of amplitude control also exists in chaotic systems with a
single nonquadratic term in the presence of multistability [Li & Sprott, 2014b], where the Lyapunov
exponents are linearly rescaled along with the frequency rather than invariable.
In this paper, in order to demonstrate the crisis
hiding in multistability thoroughly, we have introduced a new multistable chaotic system that has
two regimes of amplitude control with constant or
linearly rescaled Lyapunov exponents. In Sec. 2, the

chaotic system is described with some basic analysis. In Sec. 3, an exhaustive study of multistability is
performed. In Sec. 4, two regimes of amplitude control are described, and the eﬀect of multistability is
demonstrated. Some conclusions and discussion are
given in the last section.

2. A New System with a Line
of Equilibria
As mentioned above, there are two diﬀerent regimes
of amplitude control. Some amplitude parameters
rescale the signals without changing the Lyapunov
exponents [Li & Wang, 2009; Li et al., 2010; Li et al.,
2012; Li & Sprott, 2013], while others rescale the
signals with linearly rescaled Lyapunov exponents
[Li & Sprott, 2014b]. Some systems may have both
classes of amplitude control. Such a system with two
diﬀerent parameters for amplitude control is
ẋ = y + yz
ẏ = yz − axz

(1)

ż = bz 2 − y 2
The above system has six terms, ﬁve of which are
quadratic and one of which is linear. There are two
independent bifurcation parameters a and b, i.e.
coeﬃcients of two quadratic terms governing the
dynamics of the system and leading to some bifurcations of the system. System (1) has two amplitude
parameters, one of which is the coeﬃcient of the
linear term y in the ﬁrst equation controlling the
amplitude and frequency of all three signals, while
the other is the coeﬃcient of the term y 2 governing the amplitude of the variables x and y while
leaving z unchanged. The dynamic behavior determined by the two bifurcation parameters a and b is
shown in Fig. 1, giving an overall description of the
dynamics.
The relatively large black dynamic regions in
Fig. 1 show that system (1) has robust chaotic solutions. Speciﬁcally, for large a and small b, the system is chaotic, with limit cycles dominating at large
b. The thin bands of light blue within the black
chaotic region corresponds to periodic windows.
When a = 5.5, b = 0.55, system (1) has a strange
attractor as shown in Fig. 2. The Lyapunov exponents are (0.1276, 0, −2.1728), and the corresponding Kaplan–Yorke dimension DKY = 2.0587 using
the method of Wolf et al. [1985]. Compared with
the newly developed Leonov method [Kuznetsov,
2016; Kuznetsov et al., 2016; Leonov et al., 2016],
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Fig. 1. Dynamic regions governed by the two bifurcation
parameters a and b. The chaotic regions are shown in black,
the periodic regions are shown in light blue, and the ﬁxed
point regions are shown in green.

(a)

the accuracy of the calculation of Lyapunov exponents by Wolf method depends on the time and initial conditions but both algorithms give the same
identiﬁcation for various states.
The system has a line of equilibria, P1 = (x,
0, 0) and two isolated equilibrium points, P2,3 =
(±0.1348, ±0.7416, −1). The equilibria line lies
outside the attractor rather than being surrounded
by it [Jafari & Sprott, 2013]. The eigenvalues for
the line equilibria are all zero, but further analysis shows that the system is nonlinearly unstable.
This is diﬀerent from the system LE1 [Jafari &
Sprott, 2013], where the line equilibria have eigenvalues depending on the third-dimensional variable
z and the basin of attraction for the strange attractor intersects the line equilibrium in some portions. Other chaotic systems like SL11 [Li & Sprott,
2014b] also have a line equilibria with the same
stability, even systems AB5 and AB6 [Li et al.,
2015a] have two perpendicular lines of equilibria,
however none of the systems like system (1) provide two regimes of amplitude control. The eigenvalues for the two isolated equilibrium points P2,3
are (−2.5817, 0.2408 ± 1.5118i). One negative real
value and a pair of complex conjugate eigenvalues
with positive real parts indicate P2,3 are saddle-foci
with index 2. System (1) is unstable at all these
equilibria, so the attractor is self-excited rather
than hidden [Jiang et al., 2016; Leonov et al., 2011,
2012; Wei & Zhang, 2014; Wei et al., 2014].
System (1) has rotational symmetry with
respect to the z-axis as evidenced by its invariance
under the coordinate transformation (x, y, z) →
(−x, −y, z). When b > 0, three √
equilibrium points
√
± b
are: P1 = (x, 0, 0) and P2,3 = ( a , ± b, −1). The
two isolated equilibrium points P2 and P3 are symmetric about the z-axis. Linearizing system (1) at
the line equilibria P1 = (x, 0, 0) gives the Jacobian
matrix

 

0
1+z
y
0 1
0

 

z
y − ax = 0 0 −ax.
J1 = −az
0

(b)
Fig. 2. Strange attractor at a = 5.5, b = 0.55 with initial
conditions (0, 0.4, −1). The red line is the line of equilibria.

−2y

2bz

0

0

0

From |λI − J1 | = λ3 = 0, the three eigenvalues
are all zero, so the system stability at the line equilibria depends on the nonlinear quadratic function,
which may be analyzed by the method based on
polar coordinates [Strogatz, 1994] or by numerical
simulation. The second and third isolated equilibrium points P2,3 are stable when a < 2b + 1 according to the stability criterion of Routh–Hurwitz with
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characteristic equation λ3 + (2b + 1)λ2 + 2bλ +
2ab = 0, which leads to the green band on the bottom of the dynamic region in Fig. 1. In fact, when
parameters (a, b) are selected in that area, the system can converge to either of the two stable point
attractors depending on initial conditions.

Int. J. Bifurcation Chaos 2016.26. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 01/17/17. For personal use only.

3. Multistability Analysis
The three diﬀerent colors in the dynamic regions
of Fig. 1 indicate three diﬀerent dynamics, i.e.
point attractors, limit cycles, and strange attractors. Since each pixel in the plot uses a diﬀerent
random initial condition chosen from a Gaussian
distribution with mean zero and variance 1.0, dotted areas indicate possible multistability or perhaps
transient dynamics. Note that two attractors of
the same type, such as two equilibrium points will
have the same color since they have the same sign
of the largest Lyapunov exponent. In fact, the system (1) has two basic multistability patterns, one of
which shares the same Lyapunov exponents while
the other corresponds to diﬀerent exponents. As
shown in Figs. 3 and 4, when the parameter a varies
from 25 to 11, a symmetric pair of interlinked limit
cycles evolve to chaos through respective perioddoubling bifurcations and then merge into a single
symmetric strange attractor.
As shown in Fig. 3, when there are two coexisting attractors, the average of the variable y is
positive for one and negative for the other as shown
in blue and red, respectively. When the two attractors merge into a single one, the average of signal

Fig. 3. A symmetric pair of coexisting attractors is distinguished by the average value of the variable y when a varies
in [11, 13] with initial conditions (±0.1, 0, −1).

y converges to zero. Figure 4 gives some details
of the attractor merging. When a = 25, two limit
cycles are interlinked and independently undergo a
period-doubling bifurcation with a decrease of the
parameter a. Two interlinked period-2 limit cycles
appear at a = 20, and they individually undergo
additional period-doublings until two interlinked
strange attractors appear at a = 14. With further decrease of parameter a, the two interlinked
attractors expand further with an edge collision (the
edges of basins of attraction for coexisting attractors intertwine violently and ﬁnally basins get connected to be a unity inevitably), at which point
they merge into a single symmetric strange attractor around a = 11.9.
The basin of attraction provides another way
to visualize the two attractors. The basins will vary
with the system parameters. Diﬀerent basins of
attraction will merge or split, when the attractors
merge or a new attractor is born. A symmetric pair
of coexisting attractors usually reside in symmetric
basins. Figure 5 shows a cross-section of the basins
for z = −1 (which contains the isolated equilibria) with a = 13, b = 0.55 where the system has a
symmetric pair of strange attractors whose crosssections are shown in black. Note the fractal structure of the basin boundary.
When the parameter a decreases further, the
solution converges to a symmetric pair of point
attractors as indicated by the green region at the
bottom of Fig. 1. In the opposite direction, when
the parameter a increases, the two interlinked limit
cycles contract and merge into a single symmetric
limit cycle as shown in Fig. 6. Thereafter, a further
increase of the parameter a does not alter the periodic oscillation and does not change the amplitude
of the variable y while only causing a slight change
in the amplitude of the variables x and z, giving a
robust periodic oscillation.
Furthermore, system (1) has other regions of
multistability such as coexisting point attractors
and limit cycles coexisting with strange attractors.
As shown in Fig. 7(a), when a = 1, b = 0.1, two stable point attractors at P2,3 = (±0.3162, ±0.3162,
−1) coexist with the same eigenvalues (−1.1747,
−0.0127 ± 0.4124i) and Lyapunov exponents
(−0.0105, −0.0159, −1.1660). As shown in Fig. 7(b),
when a = 5, b = 0.95, a chaotic attractor coexists with a limit cycle with corresponding Lyapunov
exponents (0.0717, 0, −2.2854) and (0, −0.0085,
−2.7586) and Kaplan–Yorke dimensions 2.0314
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Fig. 4.

Bifurcation and merging of the coexisting attractors in system (1) when b = 0.55 with initial conditions (±0.1, 0, −1).

and 1.0, respectively. The corresponding basins of
attraction are shown in Fig. 8. In Fig. 8(a), the
basins of attraction are marked in yellow and green
representing the symmetric pair of point attractors.
Two coordinate axes are basin boundaries with special dynamical properties. The line z = 0 implies
dy
dt = 0 from Eq. (1) and indicates the line of equilibria, which means that when an initial condition lies
on the line, the solution of system (1) will remain

at the equilibrium unless a small disturbance allows
it to approach one of the two isolated stable points.
2
When x = 0, since y = 0, Eq. (1) becomes dz
dt = bz .
When z > 0, the variable z is attracted to inﬁnity, while for z < 0, the variable z is attracted to
the ﬁxed point (0, 0, 0), which is an equilibrium
point of the system. In Fig. 8(b), the central large
area in light blue represents the limit cycle while
the region in red indicates a strange attractor. Two
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Fig. 5. Basins of attraction in the cross-section z = −1 for the symmetric pair of strange attractors for system (1) at
a = 13, b = 0.55.
(a)

Fig. 6.

(b)

Two interlinked limit cycles merge into a symmetric one when b = 0.55 with initial conditions (±0.1, 0, −1).
(a)

(b)

Fig. 7. Other regions of mulitistability: (a) coexisting point attractors when a = 1, b = 0.1 with initial conditions (±0.1, 0, −1)
and (b) limit cycle coexisting with a strange attractor at a = 5, b = 0.95, initial condition (0.06, 0, −0.5) gives chaos, and
initial condition (0.1, −2, −1) gives a limit cycle.
1650233-6
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(a)

(b)

Fig. 8. Basins of attraction for system (1): (a) cross-section for y = 0 when a = 1, b = 0.1 and (b) cross-section for z = −1
when a = 5, b = 0.95.

hollow circles represent the corresponding unstable
saddle-foci (±0.1949, ±0.9747, −1) with eigenvalues
(−3.2245, 0.1622±1.7088i) showing both coexisting
attractors are self-excited rather than hidden [Jiang
et al., 2016; Leonov et al., 2011, 2012; Wei & Zhang,
2014; Wei et al., 2014].

4. Amplitude Control with
Multistability
Bifurcation parameters aﬀect the dynamic behavior of a system, while amplitude parameters rescale
the variables without any bifurcation. Besides the
two bifurcation parameters a and b, system (1) has
two regimes of amplitude control. The coeﬃcient
n in the only linear term y in Eq. (2) is one kind
of total amplitude parameter [Li & Sprott, 2013],
which controls the amplitude of all the variables.
But this parameter changes the frequency and thus
the values of the Lyapunov exponents [Li & Sprott,
2014b] as shown by a variable transformation. Let
(x, y, z, t) → (nx, ny, nz, nt ). Then Eq. (2) reverts to
Eq. (1), which means the parameter n is a controller
for both amplitude and frequency.
ẋ = ny + yz
ẏ = yz − axz
ż = bz 2 − y 2 .

(2)

The system (1) has another regime of amplitude control. Since system (1) has rotational symmetry, the coeﬃcient m in Eq. (3) of the quadratic
term y 2 in the last variable z is a partial amplitude controller and can rescale the variables x and y
[Li & Sprott, 2013]. When (x, y, z) → ( √xm , √ym , z),
Eq. (3) reverts to Eq. (1) implying that the parameter m is an amplitude control parameter for the
variables x and y according to √1m .
ẋ = y + yz
ẏ = yz − axz

(3)

ż = bz 2 − my 2 .
Note that the multistability makes amplitude
control more complicated, and the multistable
states can occasionally defeat the amplitude control. In practice it is often diﬃcult to modify
the initial condition adaptively when the amplitude parameter is changed, and the inevitable noise
may cause the system to cross a basin boundary
putting the system into an undesired state. This
phenomenon is called an amplitude control crisis.
Suppose there is a p-dimensional system with
an amplitude parameter, Ẋ = F (a, X), where a
is an amplitude controller. When a = a1 , the
basins for coexisting strange attractors are Ω11 ,
Ω12 , . . . , Ω1m and the basins for other nonchaotic
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(a)

(b)

Fig. 9. Rescaled basins of attraction for system (1) with a = 5, b = 0.95 on cross-section y = 0: (a) basin expansion when
n = 2 in Eq. (3) and (b) basin shrink when m = 4 in Eq. (4).

attractors are Π11 , Π12 , . . . , Π1n . These two kinds of
basins become Ω21 , Ω22 , . . . , Ω2m and Π21 , Π22 , . . . ,
Π2n when a = a2 . Let Dij = Ω1i ∩ Π2j (1 ≤ i ≤
m, 1 ≤ j ≤ n), if the initial condition is set as
X0 = (x10 , x20 , . . . , xp0 ) ∈ Dij , when the amplitude
parameter a increases from a1 to a2 , the largest Lyapunov exponent can switch from positive to zero
if a basin boundary is crossed between a strange
attractor and a limit cycle. This is caused by the
shrink or expansion in the basin of attraction when
the parameter rescales the amplitude. For example,
the parameter n in system (3) expands the basin in
three dimensions according to n (if n > 1) in initial
space while the parameter m in system (4) shrinks
the basin in two dimensions of x and y according
to √1m (if m > 1). As shown in Fig. 9, the basin is
extruded and the size gets doubled in both dimensions when n = 2, while the basin is compressed
only in the direction of x-axis when m = 4 compared with the original basins. Therefore, a ﬁxed
initial condition may “visit” diﬀerent parts due to
the basin motion caused by the amplitude control.
To show it more clearly, suppose there are three
regions corresponding to three diﬀerent dynamical
behaviors: chaos, limit cycle and point attractor, as
shown in Fig. 10. We assume that a ﬁxed initial
condition (red dot) is in the middle of basin of limit

(a)

(b)

(c)
Fig. 10. Fixed initial condition visits diﬀerent basins
of attraction when an amplitude parameter rescales the
basins.
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Fig. 11.

(b)

Lyapunov exponents when n varies with initial condition (0, 0.4, −1): (a) a = 5.5, b = 0.55 and (b) a = 5, b = 0.95.

cycle [Fig. 10(a)]. If a parameter rescales the variable x without modifying the variables y and z, the
basin will be compressed [Fig. 10(b)] or stretched
[Fig. 10(c)], correspondingly the initial condition
will go forward to the basin of point attractor or
retreat back to the basin of chaotic attractor triggering a “state-ﬂy” in the system. The sensitivity of
state-ﬂy is related to the location of the initial condition, the area of the basins for diﬀerent dynamics
and the rescaled basins caused by the amplitude
parameter. Speciﬁcally, if the basins do not change
dramatically and the initial condition stays in the
same basin of attraction, the system will not yield
a state-ﬂy.
As shown in Fig. 11(a), when the bifurcation parameters a and b and the initial conditions
are ﬁxed, the Lyapunov exponents will increase

linearly with the amplitude controller n since it
also increases the oscillation frequency linearly. But
when the system has diﬀerent kinds of coexisting
attractors, as shown in Fig. 11(b), the occurrence
of “state-ﬂy” with the amplitude control causes a
discontinuity in the Lyapunov exponents when a
basin boundary is crossed. Such jumps can be used
to detect multistability [Li & Sprott, 2014c].
As shown in Fig. 12(a), selecting the parameters a and b for monostable chaos, Lyapunov
exponents will remain unchanged when the partial amplitude parameter m varies. When the system has multistable states, as shown in Fig. 12(b),
notches in the Lyapunov exponent spectrum indicate that the same initial condition crosses basin
boundaries for diﬀerent attractors. Due to the different control intensity of the amplitude parameters

(a)
Fig. 12.

(b)

Lyapunov exponents when m varies with initial condition (1, 0.4, −1): (a) a = 5.5, b = 0.55 and (b) a = 5, b = 0.95.
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m and n, we let the partial amplitude controller m
vary from 0 to 25 in order to get a better observation of the switches between states. For the same
reason, the initial value x0 is set to a nonzero value
to ensure that the line of equilibria is not selected
as the initial condition since it will shield the eﬀect
of the amplitude parameter.
Note that a fundamental property of a chaotic
system is its sensitive dependence on initial conditions. Even two close initial conditions may cause
the phase trajectories to separate exponentially
with time, and the Lyapunov exponent is a quantitative measure of this sensitivity. However, in
multistable chaotic systems, the sensitivity to initial conditions depends on the basin of attraction
which contains the initial conditions. Because different basins are associated with diﬀerent solutions,
only those initial conditions in the basin of a strange
attractor have sensitivity leading to a butterﬂy
eﬀect. When the initial condition is in the basin
of a nonchaotic attractor, the sensitivity will disappear. Amplitude parameters determine the size of
the basin of attraction, and therefore determine the
range of sensitivity. Amplitude parameters change
the amplitude of the signal while not changing statistical properties of the system. Thus the amplitude controller is mainly applied in chaotic circuits
[Li et al., 2015b; Li et al., 2012] and other information systems [Liu et al., 2007; Chen et al., 2014;
Chen et al., 2015]. When the amplitude parameter is modulated by a slowly varying signal or other
chaotic code, the newly generated chaotic sequences
will have stronger random performance, which will
be the subject of future research.

5. Discussions and Conclusions
Amplitude control of chaotic signals is sometimes
accompanied by alteration of the frequency, and
therefore there are two regimes of amplitude control, one of which only revises the amplitude of
the variable partially or totally, while the other
rescales the amplitude and the frequency of the
signals. In this paper, a case of a chaotic system
with both regimes of amplitude control is proposed,
which has other unique properties of multistability,
oﬀering a good opportunity to observe the crisis in
amplitude control. The space of initial conditions
is divided as diﬀerent basins of attraction associated with diﬀerent dynamical behavior. An amplitude parameter will rescale the basins of attraction,

and consequently a ﬁxed or noise-inﬂuenced initial condition may jump between basins of attraction, which drives the system to diﬀerent states and
causes a crisis for engineering application.
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