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I. Introduction 

Time-Invariant HOops 

J.e. Sprott 

Toroidal devices such as Tokapole II with inductively driven rings ( or 

hoops ) and plasma currents are relatively easy to construct but are 

constrained to a ratio of plasma current to hoop current that is determined 

by the plasma and hoop resistance and inductance. Since the driving 

electric field will in general penetrate the plasma, it must also penetrate 

the hoops if the magnetic flux plot produced by the superposition of the 

plasma and hoop currents is to retain its shape in time. At the beginning 

of the current pulse the electric field will not have penetrated into the 

hoop, and the hoop surface will be a magnetic flux surface. If the flux 

plot is to retain its shape as the field soaks into the hoop, the soak-in 

must occur in such a way that the hoop surface always lies on a flux 

surface. In general, this will require that the hoop have a non-uniform 

electrical conductivity over its cross-section. One such solution in which 

the hoop consisted of a low conductivity core surrounded by a variable 

thickness, high conductivity shell was described in PLP 962. That design 

suffers from mechanical stress limitations. The purpose of this note is to 

derive a more general class of solution that provides additional free 

parameters for engineering optimization. 

The problem consists of solving Maxwell's equations and Ohm's law with 

a spatially varying resistivity in the interior of a region with boundary 

conditions on the magnetic field at the surface. The appropriate equations 

with displacement currents neglected are 
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wh ich can be combined into a diffusion equation 

(1) 

(2) 

(4) 

(5) 

subject to the boundary condit ions Bn 
= 0 and Bt = f (�, t), where f (�, t) is 

the t ime-dependent, tangential magnetic field at the surface of a perfectly 

conducting hoop of the same cross-section. 

Rather than solve the full diffus ion equat ion (5), we w ill solve for 

the resistive (aB/at = 0) lim it and argue that a hoop that has the proper 

boundary cond itions in the inductive (t = 0) and res istive (t--)oo) lim its 

w ill probably closely approximate the des ired solution at intermediate 

times. As an added condition we can require that the variation of the 

conduct ivity at the surface be such that the boundary condit ion is satisfied 

asymptotically at early times (t--)O) when the field has soaked only a small 

distance into the hoop. 
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II. Solution of o C r,S ) for Circular Cross-Section Hoop 

As a specific example, we will consider a hoop of circular 

cross-section and sufficiently large aspect ratio that the calculation can 

be done using a cylindrical approximation with the axis of the hoop at r=O. 

From B = V x A, we can define a flux function � From equation ( 1 ) 

and the Coulomb gauge (V • A = 0 ), the current density is j = -V2A, or in 

cylindrical coordinates, 

(6) 

The components of the magnetic field are 

Without loss of generality, we can define the flux to be zero at the origin 

and at the surface of the hoop, which we take to have a dimensionless 

radius of ro= 1. We consider only the m=O and m= 1 poloidal modes of the 

field variation at the surface of the hoop and write the boundary conditions 

thus: 

o (8) 

1jJ ( r=1 ) (9 ) 

a ( 1 + e: sin e) ( 10 ) 
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S (1 + c: sin e) 2 ( 11 ) 

In the resistive limit, the electric field � is constant over the 

cross-section of the hoop, and the solution of the desired conductivity 

o(r, e) is the same as the solution since -7 
J o�. However, 

solutions in which j is not unidirectional would be unphysical. 

As stated, the problem is under-specified, and a variety of solutions 

is possible. In order to proceed, we will adopt the strategy of choosing a 

W-function that is sufficiently simple to evaluate analytically and yet 

sufficiently complicated to allow the boundary conditions to be satisfied 

with one free parameter that can be varied to exhibit a range of 

possibilities and to give some freedom in meeting engineering constraints. 

The solutions thus obtained are not unique but are representative and 

suggest more realistic possibilities that could actually be built. A 

function that meets the requirements is 

w(r, e) 

From the boundary conditions and the requirement that jz be finite and 

continuous at r=O, we can derive the coefficients of equation (13): 

a etc: ""2 sin e (14) 

b (15 ) 
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c a - 2 - 2do + 
a; sin 8 + aE2 cos 28 

d 

where do is a free parameter. Alpha and beta are given by 

substituting into equation ( 13) gives 

aE2 
2 � = -

a; r sin 8 + (3 - a + do - --
2

- cos 28)r 

+ (a-2-2d + 
a£ sin 8 + aE2 cos 28)r3 

o 2 

From equation (6) we obtain 

jz 12 - 4a + 4do + (9a - 18 - l8do + 4a£ sin 8 

( 16 ) 

( 17 ) 

( 18 ) 

( 19 ) 

(20) 

A useful parameter is the ratio of maximum to minimum value of B at the hoop 

surface: 
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(21) 

Contours of $ and jz (or 0) over the cross-section of the hoop for v=3 and 

various values of do are shown in figures 1-9. The solutions span the range 

from a low conductivity core surrounded by a highly conducting shell (do<O) 

to a highly conducting core surrounded by a low conductivity shell (do>O). 

The contours are normalized to a value of unity at the top of the figure 

(e=�/2) where B at the surface is maximum and are in units of 0.1. 

III. A Practical, Non-Uniformly Conducting Hoop 

Guided by the solutions of the previous section, we are led to consider 

practical implementations5 in which the hoop is constructed of two distinct 

materials of conductivity 00 and 0, with one material embedded in a circular 

cavity in the other but with a center offset from the axis of the hoop by an 

amount 0 as shown in figure 10. Such a configuration allows one to 

calculate the fields and magnetic flux external to the hoop in the resistive 

limit by the superposition principle with the current concentrated in 

filaments at the center of the circles. To the fields produced by the hoop 

must be added a field due to the superposition of all the other currents 

including the image currents of the hoop in nearby conductors, but it turns 

out there is an easy way to approximate this field. 

For a hoop constructed in this fashion, the average conductivity is 

(22) 



Given a hoop radius, a desired average conductivity and two materials, r, 

can be calculated from 

(23) 

In terms of the desired total current I in the hoop, the individual 

filamentary currents are given by 

(24) 

I, (25) 

Now if we approximate the field due to all the currents external to the 

hoop by a constant Bo as shown in figure '0, we can express Bo in terms of v 

as 

(26) 

If we require that the flux function � have the same value at the surface of 

the hoop on the high field and low field sides, we obtain the result: 

Equations (26) and (27) are a pair of simultaneous non-linear equations 
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which can be solved for a and Bo. To lowest order in a/ro' the solutions 

are 

a - (28) 

(29 ) 

More accurate representations of a and Bo can be obtained by successive 

iteration, but the lowest order results are sufficient for most purposes. 

In the region external to the hoop, the flux per unit length is given 

by 

1jJ (x, y ) (30) 

Equation (30) should be reasonably accurate near the surface of the hoop but 

becomes less so as one moves away from the hoop because the assumption of Bo 

constant is progressively less valid. Nevertheless, the flux plot does 

contain a separatrix and strongly resembles realistic, numerically 

calculated cases. 

Figure 11 shows a flux plot for a perfectly conducting hoop, 

represented by choosing a very large value for 01 so that all the current 

flows on the surface of the hoop. This case has v=3, which for the Tokapole 

would represent Iplasmallhoop - 0. 16. Figure 12 shows the same case but in 
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the resistive limit after the field has completely soaked into a hoop with 

uniform resistivity. The separatrix is still outside the hoop but only 

barely. Figure 13 shows a copper-clad stainless steel hoop as described in 

PLP 962. Figure 14 shows a case with an aluminum core and an inconel shell, 

illustrating that the same effect can be obtained wi th the high conductivity 

material in the interior. Figure 15 shows the opposite case, with the 

aluminum on the outside. Figures 14 and 15 have been adjusted to give the 

highest average conductivity allowed by these materials, and so the shell 

has zero thickness on one side. 

To test the sensitivity of the hoop design to the ratio of plasma 

current to hoop current, the hoop in figure 15 that was optimized for v=3 

was run at v=2 (corresponding approximately to the no-plasma limit in 

Tokapole II), and the result is shown in figure 16. Similarly, if v=5, the 

hoop designed for v=3 yields a flux plot as shown in figure 17. This case 

corresponds to a ratio of Iplasma/Ihoop about twice the design value in 

Tokapole II. 

Hoops with the high conductivity material on the inside give external 

flux plots which are essentially the same as those with the high 

conductivity material on the outside. However, the internal inductance is 

quite different for the two cases, and this difference can be important 

because it represents an additional volt-second consumption. This internal 

inductance can be calculated by equating LI2/2 to the total magnetic energy 

inside the hoop, which we obtain by integrating B2 over the volume of the 

hoop: 

L 
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The general case is rather d iff icult to calculate since B has a 

complicated spatial dependence inside the hoop. However, as an 

approximat ion, we can consider the case of 0=0 (or v=1 ). Then the magnetic 

f ield in the resist ive limit is given by 

o < r < r, 

B 

Substituting into equation (31 ) and integrat ing gives 

L 

which apparently cannot be simplified significantly. However, for the usual 

case where one of the conductiv ities is negligibly small, equation (33) can 

be simplified considerably. If 00=0 and A1=01/0, then 

L <34 ) 



- 1 1-

L 

These inductances, normalized to the internal inductance of a 

hoop of constant resistivity (Lo=�0�/8�), are plotted in figure 

18. The advantage of placing the high conductivity material on 

the outside is readily apparent. 

In a practical design situation, the procedure would be as 

follows: 

1) Find a hoop size and position that is acceptable in the 

inductive limit for the highest ratio of plasma current to hoop 

current imagined using standard flux plot codes. 

2) From the flux plots, determine the ratio of currents in 

the various hoops, the forces, and the variation of B around each 

hoop (v). 

3) Choose an average conductivity such that the L/R time of 

the hoops is approximately equal to the L/R time of the plasma 

(see PLP 962) and adjust the ratio of hoop resistivities slightly 

so that the resistive division of currents among the hoops is the 

same as the inductive division. 

(35) 
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4) Choose two hoop materials whose conductivities bridge the 

desired average and whose strength is sufficient to withstand the 

peak magnetic forces. 

5) Determine the required values of r 1 and 6 as described 

above. 

6) Iterate as required to yield an optimal solution. 

IV. Design Example: Improved Tokapole Hoops 

As described in PLP 962, Tokapole hoops of the same size as 

the present hoops but with an average resistivity of -7 �Q-cm and 

total current of 500 kA should permit plasma currents of -80 kA. 

An inductive flux plot for Ip/Ih = 80/492 kA with hoops of the 

present size and in their present position is shown in figure 19. 

Although the hoop position could be adjusted to give a more 

nearly square flux plot, it is probably better not to do so 

because it would increase the stress in the outer hoops, make 

startup and low plasma current operation more difficult, and 

hinder comparison with the past seven years of operation. 

The ratio of inner to outer hoop currents for figure 19 is 

158/88 1.80 which coincidentally is within a fraction of a 

percent of the ratio of hoop major radii. Thus the resistive 

division of current in the hoops will be correct if they have the 
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same average resistivity. If they are made of the same two 

materials, they will also have the same internal inductance per 

unit length. The average private flux around the hoops is -24 

mWebers which is close to the -35 mWebers of figure 11. 

The variation of magnetic field around the minor 

circumference of each hoop is shown in figure 20. Shown are the 

upper hoops with the poloidal angle measured counter-clockwise 

from the vertical. By Fourier analyzing the curves in figure 20, 

as shown in figure 21, the amplitude c and phase � of the various 

modes m can be determined. From these, we derive the following 

values for a total hoop current of 500 kA: 

Inner Hoop outer Hoop 

a. 1.265 tesla 0.701 tesla 

e: 0.535 0.478 

v 3.30 2.83 

� 54.8° -37.7° 

error 11 % 20% 

The Fourier representation as in equation (10) for m=O and m=1 is 

plotted in figure 20. 

If we design hoops using a core of Inconel 718 (125 �n-cm ) 
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and a shell of 2024-T6 aluminum (4.5 �n-cm) t the lowest average 

resistivity for which we can get a physical solution Cr1-o < ro) 

is 8.5 �n-cm. For this value the results of the previous section 

give: 

Inner Hoop Outer Hoop 

ro 2.5 cm 2.5 cm 

r1 1. 747 cm 1.747 cm 

0 -0.75 2 cm - 0.672 cm 

Bo 3444 gauss 1701 gauss 

10 304 kA 168 kA 

11 -143 kA -79 kA 

I 161 kA 89 kA 

Lint 0.0465 iJH 0.083 7 �H 

Lint/R 478 �sec 478 �sec 

A complete flux plot for the above case is shown in figure 22. 

The results are consistent with figures 19 and 15. Such hoops 

are estimated to be capable of sustaining currents 1.21 times the 

present hoops with the same margin of safety. Other material 

combinations that might provide even higher currents are being 

considered. 
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Figure 10 



INDUCTIVE HOOP WITH v = 3 
Figure 11 



UNIFORMLY RESISTIVE HOOP WITH v = 3 
Figure 12 



RESISTIVE HOOP (1.7/70/6.8) WITH v = 3 

Figure 13 



RESISTIVE HOOP (125/4.5/8.2) WITH v = 3 
Figure 14 



RESISTIVE HOOP (4.5/125/8) WITH v = 3 
Figure 15 



RESISTIVE HOOP (4.5/125/8) OPTIMIZED FOR v = 3 BUT WITH v = 2 

Figure 16 



RESISTIVE HOOP (4.5/125/8) OPTIMIZED FOR v = 3 BUT WITH v = 5 

Figure 17 



Figure 18 
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