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I. Introduction 

In this paper we present a calculation of the ohmic heating rate for the small 

octupole with the toroidal magnetic field added. The result may be used in 

the computer program SIMULT (described in PLP's 505, 556 and 607) to predict 

the time behavior of spatially averaged plasma parameters. The present calculation 

is a refinement of the one presented in PLP 643. It is recorded here in full 

detail for posterity. 

II. The Calculation 

The ohmic power input is given by the sum over all flux tubes of the average 

of the power input to each flux tube: 

dP = nJ2/lR (1) 
where� is the voltage drop along a magnetic field line for one trip the short 

way around the machine and� is the electrical resistance along the same path. 

Resistance � isfnds/dA where n is the local plasma electrical resistivity 

and ds is the unit length along the path described above and is equal to Bdi/B p 
where B is the total field strength, B is the poloidal field and di is an element p 
of unit length along a projection of a constant flux surface onto the poloidal 

plane. The area element dA is the cross-sectional area of the flux tube along 

which we are calculating voltage drop and resistance. It may be written as 

dA = d¢p/B where d¢p is the poloidal flux enclosed by neighboring surfaces of 

a constant poloidal flux. Thus, f B2 
� = <n> Bp 

dl 
CW p. (2) 

The voltage drop� receives contributions from the time-changing toroidal 

and poloidal fluxes: 
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(3) 

(Cf. Lencioni's thesis PLP 276, eq. 15 & 16, p. 44-45.) -: f 
Brdl The angle 118 = 

J R Bp 
is the angular advance in the toroidal direction for a field line progressing 

once around the machine in the poloidal direction. 

Substituting equations 2 and 3 into I gives: 

(� + M �)2 
dP = 

r 2 'IT p 
<l'\> f B2M 

(4) 
B ar p p 

for the ohmic heating in one flux tube. The total power input is thus: 

l./J Lj;niter 
• 118 · 2 

P = I (¢r + z:rr ¢p) d¢p (5) <n>fB2 -M 
l./J Hoop Bp 

The integral in the denominator can be rewritten as: 

fB2 f Br2 
Bp 

dl = Bp 
M 

BroRa 118 + 1101 

+ f Bp dl 
" RroRa f � � + f Irp dl " 

(6) 

where Ra is the outer wall major radius, Bro is the value of Br at RO' and I is 

the current in the hoop or hoops enclosed by the path of integration. 
• !::. -.:.. 

The toroidal flux term is ¢r ; J By . dA. The area element is a shell between 

two neighboring surfaces of constant poloidal flux and may be written 

dA ;;V' � (7) 
2'ITR c 

where VI � dV/dl./J and V is the volume inside a surface of constant poloidal flux l./J 
and Rc is the major radius to the center of the machine. Allowing the only 

approximation in this calculation (except for the averaging of resistivity � ) , 

Br is set equal to its value at the machine's center, Brc' Then 
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The poloidal flux term is iPp = B: 1/1core 
(5 + 1/1) 

10 where the usual small octupole 

flux-surface labeling convention is followed. This convention is 1/1 = 
-5 at the 

hoops and 1/1 = +5 at the walls. Thus also, 

d¢ = 1/1 d1/1 
p core 10 (9) 

Designating;<n>as the averaged resistivity along a flux tube averaged again 
over all flux tubes, ohmic heating power becomes 

" 1/1limi ter �c 118 Bp 1/1 ) [z.n:R V - 2rr Bp 1 c 
P = <T» [B R 118 + f1 I] TO 0 0 1/1hoop 

core 

10 

(5 + 1/1)]2 1/1 d1/1 10 core 
(10) 

The minus sign in the integrand arises from the geometry and sign conventions 

sketched in Figure 1. The quantities 1/1 , B and R- are defined positive in the core p -1' 
directions shown. Changing the sign of either Bp or Br would change the sign of 

each term ofQl.[ leaving the magnitude of9if and P unchanged. Note that the toroidal 
� 

electric field due to a positive Bp increasing in time is anti-parallel to BT while 

the poloidal electric field due to a positive BT increasing in time is in the same 
� 

direction as B . The voltage drop along a field line, and thus the ohmic heating, p . . 
is minimized for BT/BT and Bp/Bp with the same sign. 

It is convenient to write the integrand as a function of 

:. Bro I a - B po 
outer wall 
flmidplane (11) 

Dividing numerator and denominator by Bro2, using BrORO = BrcRc' and recognizing 

that I and 1/1 are linear with B , core po 
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Bp \);core 2 (5 + \);) f':.,8] d\); 
ex. 

P = 
BroBpo 'fcore 

<n> 10· Em· 

III. Numerical Details 

From PLP 15, Case I, we find 

��ore = .3813 Bpo 

and I = 2.995 B po 
for all four hoops. 

B 2rrRC TO Bp Bpo I 2 
[flo BpO 

+ Ro ex. �e] 
20n 

The function V' (\);) = dV/d\); is graphed by Lencioni in his thesis, PLP 276. 

An analytic fit (whose form was suggested by Jim Drake) is: 

V/ = [-37.45 - 3.75 \); + 51.7/ I\); - \); '] x 10-3 m3/dory p s 
for the four hoop total in the private flux region and 

V/ = [1.336 + 1.782 \); + 35.52/1\); - \); 1 x 10-3m3/dory c s 
for the common flux region. The value of \); at the separatrix is \); = -1.55. s 
Lencioni's graph and our analytic fit are shown in Figure 2. Straightforward 

integration gives 

Vp = [51.756 - 37.45 \); - 1.875 \); 2 - 103.4 I \);s - \);'] x 10-3m3 

and Vc = Vp(\);s) + (-0.70 + 1.336 \); + .891 \);2 
+ 71.04 I\);- ��) x 10-3m3. 

These functions are graphed in Figure 3. To check the volume normalization, the 

above formulae give 

Vp (\);s) = .1053 m3 and Vc (\);wall) = .3160 m3 

as compared with V = .3211 m3 obtained from the machine geometry: 

V = [L2 - 2n (r.2 + r 2) - ±2 x2] 2nR 1 0 C 

where L = .356 m is the length of the tank side, ri = 0.22 m is the inner hoop 

radius, ro = .025 m is the outer hoop radius and x2/2 = (.043)2/2 m� is the area 

of each corner triangle, and R = .43 m is the major radius to the center of the c 
tank. 

(\1) 
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The angular transform �e in degrees is graphed as a function of � by Poukey 

and Howard in PLP 91 and tabulated by Howard in PLP 106. An analytic fit in the 

private flux region is 

�e /a = -3.101 + 2.41 � + 43/1 � - �I P s 
and in the common flux region 

�ec/a = 5 1.92 + 1.909 �2 + 127.3/1�-�s' . 

Both graphs and analytic fits are shown in Figure 4. 

The square in the integrand of Eq. 12 may be expanded so that the heating 

power may be written: 

P = TO PO Icore A TO I + C P-'lD I + D � I 
O(B B "'Ul [ �B )

2 (OB L ) �� ) 2 J <ri5 10 BPO Bra A BpBTO C Bp D 

where 

R 2 1 a A = (r) 
(21TR ) 2 c c 

Ra 1 
C = (r) 

2iR 10 C 
c 

= 

'I' core 
Bro 

( .61 ) 2 = .27 5

7 

.43 x 2'"1T x .43 

.61 x .3813 = 6.373 x 10 2 0 .43 x 2".. x .43 x 1 

� 
D = ( core _1___ 2 _ .3813 2 -

Bp 20 tr) - ( 'HI � ) = 3.683 x 10 5 

and 
�S (V /4) 2 d� �L V 2 

I = 4 J P + ( _C_ d� A Dp 

) 
DC 

H �S 
�L W ! 

I = 4 )l'f ( &a pia) 01/4) ( 5 
+ 1/) /4 + 

( Vc ( M/a) ( 5  
+ 1/) d"l' 

C � Dp 

) 
DC H � S 

-3 

l13) 
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_ 
� (liep/a)Z[(5 +y)/4]

Z d� 
+ 
I 

(li eC/a)
Z (5 + �)Z d� ID - 4 D DC P 

�H �s 

where 1fw 'ts and '/1L designate the locations in r-space of the hoop surface, the 

separatrix and the limiter, and 

2 2 Dp = �oI/4 + Raa liep/a = .7487 + .61 a lie
p

/a 

Z Z DC = � I + R_ a lie-fa = Z. 995 + .61 a lie fa. a -u c c 
The integrals lA' IC and ID are done numerically. Functions of the form Kl/(Kz+aZ) 

fit these integrals extremely well. Combining the numerical coefficients of the 

integrals with the numerical coefficients of Equation 13 gives the final result 

for ohmic heating power density. 

b ( . )
Z -3 B P cxRrOBpOlO Cl TO 

Vol. = -�n> (eZ + a
2

) BTO 
C3 

2 (C4 + a ) 

( Rm:ro) + Cs { -� '\] (14) 
\Rro PO (C6 + aZ

) " BpO ) 
all in MKS units where the volume is taken to be V (�L). The constants C., i = 1 - 6, 1 

are tabulated in Table I for four values of �L. The upper table is for a defined 

as BTO/BpO. The lower table is for a defined as BpO/BTO. The same formula for 

power density CEq. 14) holds for either definition of a provided the correct coef-

ficients C. are used in each case. 1 
This result differs slightly from the result of PLP 643 in both magnitude 

and O(dependence. For typical conditions (a � 1) , the present result predicts a 

slightly smaller ohmic heating. 

IV. Analysis of the Result 

It is now interesting to calculate the ohmic heating power as a function of 

time for the existing experiment (see PLP's 6Z3 and 674 for description of experiment). 
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The heating rate is a function of time because BpO' BTO and � are different functions 

of time. 

The plasma quantities such as density ne, electron temperature Te and degree 

of ionization affect the ohmic heating rate because they affect the resistivity. 

The resistivity on axis has been found experimentally to be the sum 

n = nsp 
+ nL + nn 

where n is the classical resistivity for z = 1 calculated by Spitzer: sp 

nsp 
= 5.21 x 10

-5 z ill A/Te
3/2 .n - m 

where inA=' 13 is the Coulomb logarythm for our usual plasma parameters and nL 
is 

the resistivity measured at low densities by both Lencioni (see his thesis, PLP 276) 

and us (PLP 674): 

nL 
= 2.5 x 10

7 
v'T/n 11 - m 

e e 

and nn is the resistivity due to electron collisions with neutral hydrogen: 

-5 
n = .6 x 10 nHfn 11 - m. n e 

For a nearly ionized plasma (�T « n  ), n may be neglected. 
H e n 

Ohmic heating power as a function of time was calculated from Eq. 14 for 

moderate Bp and BT capacitor bank voltages and the easily attainable density 

n = 8 x 10
11/cm3 for several values of electron temperature T .  For simplicity, e e 

n and T were assumed constant in time. The results are graphed in Figure 5. e e 

The highest heating rate is attained for that value of Te which minimizes resis-

tivity for the given value of ne. As the graph in Figure 7a shows, n is a minimum 

for ne ; 1012/cm
3 when Te = 10 eV. A higher plasma density would allow n to be 

minimized and hence heating power to be maximized at a higher value of Te. 

Note that the heating rate drops by roughly a factor of 100 during the experi

ment .  This decline is due to the relative time scales and magnitudes of Bra and BpO· 

In Figures 6 - 11 the time behavior of ohmic heating power is explored through the 

existing available ranges of Bp and BT for the typical plasma parameters 



-8-

n = 8 x 1011/cm3 and T = 10 eV. Because R- has a period about three times e e -'1' 
shorter than Bp in our usual experiment, the By2 term dominates heating during the 

BT rise time. Thus ,  the initial heating rate varies approximately as BT2, as 

shown in Figure 6. But changing BT makes 

of the experiment where heating is due to 

scant difference during the latter part 
, 2 the small Bp term. Figure 7 shows 

the contribution from each term in Eq. 14 for a large BT and moderate Bp. The 

heating rate begins high but drops very fast. After BT peaks, the BpErr cross 

term becomes negative and nearly cancels the contributions of the positive terms 

near the end of the experiment. 

In Figure 8 the effect of varying Bp is displayed. • 2 Since the Err term 

contributes most of the early power, the initial rate is hardly affected by changing 

Bp. But increasing Bp allows power to fall less sharply with time. Time behavior 

of the three terms for high Bp and moderate Err is graphed in Figure 9. 

As shown in Figure 10, the highest heating rates result from the largest 

possible Bp and BT both. For equal capacitor voltages on each bank, power increases 

as the square of the fields. Figure 11 shows that in this case also the BT2 

term is initially very large. The Bp2 term is smaller than the initial heating 

rate, but dominates when Err is peaking. Near the end of the experiment, the 

negative cross term unfortunately nearly cancels the positive contributions. 

With the ability to calculate ohmic heating rates in the small octupole, 

we may investigate possible modifications of the experiment to try to increase 

magnitude and/or duration of ohmic power input to the plasma. The obvious variables 

besides magnitudes discussed above are relative timing and pulse lengths. A full 

study is left for the future, but Figures 12 and 13 show the effect of crowbarring 

Err at its peak to give an e-folding decay time of 5 IDS. Figure 12 compares heating 

power with and without crowbarring. After the fast drop of the initial high rate, 

the power is held between 55 and 100 kW for almost 2 ms by crowbarring Err. The 
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increased power is achieved by making the ByBp cross term negligible after the 

By peak so that the full effect of the Bp2 
term can be realized. This is shown 

in Figure 13. 

Other ways to increase the ohmic heating input power and duration no doubt 

exist within the capabilities of the present experiment or with moderate modifi-

cations. Using the analytical form of Eq. 14 for input power will enable us to 

investigate various possibilities. Their effect on the experiment, however, also 

depends on the heat loss terms which are not yet fully understood. 

V. Using the Result in SIMULT 

The formula for ohmic heating input power (Eq. 14 with �
L 

= 1) was included 

in subroutine OHMIC which program SIMULT:calls whenever there is a toroidal field. 

The program was run with the same parameters as those in PLP 643: By on axis 
� 

-5 
= 1.25 kG (2.0 kVon B

T 
bank), BpO = 0.88 kG (2.0 kVon Bp bank), p = 1 x 10 

torr (gauge), Zeff = 1 with 1 kWof 2.45 GHz microwaves turned off and By turned 

on at 3.5 msec into the 5 msec poloidal field pulse. Since PLP 643, SIMULT has 

been refined in a number of other areas, the most significant of which are: 

1) A more realistic time and density dependent microwave heating rate has 

been added. 

2) The neutral reflux term has been modified to include ion �pact desorption. 

3) Losses due to the finite ion gyro radius have been included. 

4) The classical diffusion term has been refined. 

The results along with a current listing of SIMULT are included in the 

appendix. Note that the maximum density is 8.1 x 10
11 

cm
-3 

(vs 7.4 x lO
ll cm-3 

in PLP 643), the maximum electron temperature is 75 eV (vs 100 eV in PLP 643). 

The density is in reasonable agreement with the experiment (note that the plasma 

is 96% burned out), but the temperature is still higher than what is measured 

in the experiment (10 - 20 eV). The discrenancy may be due to a number of factors 

that we intend to investigate: 
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1) The resistivity measured on axis may not be typical of field lines well 

off the separatrix. 

2) Impurity radiation may carry out much of the electron energy. 

3) There may be additional particle or energy losses resulting from insta

bilities or waves, in the presence of the ohmic heating. 
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