Steady State Solution of the Kuramoto-Sivashinsky PDE

The Kuramoto-Sivashinsky equation is a simple one-dimensional partial differential equation (PDE) that exhibits chaos under some conditions. In its simplest form, the equation is given by
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where the subscripts denote differentiation of the state variable u with respect to time and space, respectively. Here we seek steady state standing wave solutions (ut = 0) to the equation in an infinite spatial domain using Fourier analysis. The stability of such solutions is a separate matter to be examined later.

The simplest model consists of a single sine wave:
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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Clearly there is no solution except for a = 0 or k = 0. However, the first equation has a second solution given by k = 1, which is not very different from the value observed numerically at k = 26π/100 = 0.816814.

A slightly more realistic model, motivated by a numerical solution of the KS equation is:
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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This system is over-specified since there are four equations for three unknowns. However, the last two equations are only approximations since they are inconsistent with the assumption that only terms in sin kx and sin 2kx are present.

The first two equations are exact and can be simplified (for k, a, and b nonzero) to:
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From the numerical solution of the KS equation, we have k = 26π/100 = 0.816814, from which we can determine a and b: 
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These values are in reasonable agreement with numerical results.

Hence:
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Assume instead a more general model:
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(There is no loss of generality in ignoring the cos kx term.)
Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identities:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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Simplify:
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Eliminate a (= d/2):
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Eliminate c (= 2k(k2 – 1)):
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Solve the second equation above for k:
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From k, calculate c, d, a, and b:
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Hence:
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Start over but with two extra terms (third harmonic):
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identities:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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The sin 6kx and cos 6kx terms are ignored since they would require e = f = 0.
Simplify:
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This system is over-determined since there are nine equations for seven unknowns. 

Using only the first seven equations (ignoring the sin 5kx and cos 5kx terms) gives the following exact numerical result (may not be unique):
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Hence:
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However, we can perform a numerical least-squares fit to the entire system of nine equations with the following result (mean square error ~ 7×10-5): 


[image: image42.wmf]0003

.

0

0036

.

0

0075

.

0

1111

.

0

7209

.

1

4469

.

0

0267

.

1

-

=

=

=

-

=

=

=

=

f

e

d

c

b

a

k


Hence:
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The previous results suggest that we can ignore the cosine terms:
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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The sin 5kx and sin 6kx terms are ignored since they would require c = 0.

Simplify:
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We have four equations and four unknowns. The third equation implies that either a or b is zero, and the fourth equation implies either that both are zero or that b and c are both zero. For the latter case, the second equation implies that a is also zero, while for the former case, c is left undefined.Thus there is no non-trivial solution to the system. 
Let’s add one more term (sin 4kx):
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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The sin 7kx and sin 8kx terms are ignored since they would require d = 0.

Simplify:
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We have six equations and five unknowns. 

Ignoring the last equation (sin 6kx) gives the following exact numerical solution (not necessarily unique):
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Hence:
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Recall that the expected value from the numerical solution of the K-S equation is k = 26π/100 = 0.8168. The results from the Fourier expansion appear to be converging on that value but very slowly (1 ( 0.5774 ( 0.4463 ( 0.9708). The amplitude is also converging toward a plausible value (~2.3 for the sin kx term).

Let’s add one more term (sin 5kx):
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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Simplify:
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We have seven equations and six unknowns. 

Ignoring the last equation (sin 7kx) gives the following exact numerical solution (not necessarily unique):
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Hence:
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This is the best model yet, but convergence is very slow.

Let’s calculate the general model with M harmonics, all in phase:
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Derivatives:
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Nonlinear term:
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Simplify using the following trigonometric identity:
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To obtain the following:
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Steady state of Kuramoto-Sivashinski equation:
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Equating term-by-term:
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Simplify:
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We have 2M equations (for n = 1 to 2M) and M + 1 unknowns (k, a1, … aM). Solve the first M + 1 of them (for n = 1 to M + 1) numerically by least squares.
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