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By introducing an absolute value function for polarity balance, some new examples of chaotic
systems with conditional symmetry are constructed that have hidden attractors. Coexisting oscil-
lations along with bifurcations are investigated by numerical simulation and circuit implemen-
tation. Such new cases enrich the gallery of hidden chaotic attractors of conditional symmetry
that are potentially useful in engineering technology.
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1. Introduction

Hidden oscillation has evoked great attention for its
potential threat to engineering applications, espe-
cially for chaotic systems which are especially prob-
lematic. Finding various hidden chaotic attractors
in dynamical systems has become a popular topic in
studies of nonlinear dynamical systems. The Chua
system [Leonov & Kuznetsov, 2013; Leonov et al.,
2011, 2012, 2015; Zhang & Wang, 2019; Bao et al.,
2016], Lorenz or Lorenz-like systems [Li & Sprott,
2014a; Bao et al., 2017a], and those chaotic flows
with stable equilibria [Molaie et al., 2013; Sprott,
2014], line equilibria [Li et al., 2014; Jafari & Sprott,
2013a; Bao et al., 2017b], or no equilibria [Li et al.,
2016b; Jafari & Sprott, 2013b; Sprott, 2015] can
exhibit chaos, which is hidden since it cannot be
found using an initial condition in the neighborhood
of an equilibrium point. Therefore, much more effort
has been made to find hidden chaotic [Yang et al.,
2010; Wang & Chen, 2012; Jafari et al., 2016; Jesus
et al., 2018; Nazarimehr et al., 2018; Pham et al.,
2017; Pham et al., 2018; Tang et al., 2018; Bayani
et al., 2019; Çavuşoğlu et al., 2019] or hyperchaotic
attractors [Wei et al., 2015; Pham et al., 2015; Zhou
et al., 2018a]. Hidden attractors and stable equilib-
rium points are two independent types of stability
characterizing the long-time evolution of a dynam-
ical system. In particular, hidden chaos or hyper-
chaos are not associated with any equilibria.

Furthermore, the structure of a dynamical sys-
tem can show this independence. Symmetric sys-
tems even with different kinds of equilibria exhibit
coexisting symmetric pairs of chaotic attractors
when the symmetry is broken [Sprott, 2014; Zhou
et al., 2018b; Wang et al., 2014; Li et al., 2015a; Li
et al., 2015b; Li et al., 2015c]. Asymmetric systems
can also produce coexisting strange attractors of
conditional symmetry when an additionally intro-
duced function maintains the polarity balance [Li
et al., 2017; Li et al., 2018; Li et al., 2019; Li &
Sprott, 2017; Li et al., 2016a]. In fact, hidden oscilla-
tion, equilibria, and system structure may combine
to give abundant possibilities for the generation of
chaos. Conditional symmetric chaos as a new class
of hidden attractor has not been reported, supple-
menting those chaotic systems with no equilibria
or with a line of equilibrium points. Exploring
such cases of conditional symmetry can help us
understand the mechanism of attractor doubling
and polarity transformation. In this paper, several
new examples of chaotic systems with conditional

symmetry are proposed in Sec. 2. Such systems
are said to have hidden attractors of conditional
symmetry when the chaotic flows occur in the
absence of equilibria or with lines of equilibria.
In Sec. 3, the basic dynamics of these systems
are described including coexisting bifurcations by
numerical simulation. In Sec. 4, the corresponding
circuit implementation provides experimental proof.
Some extended discussion and conclusion are in the
last section.

2. New Chaotic Attractors
of Conditional Symmetry

For a dynamical system Ẋ = F (X) (X = (x1,
x2, . . . , xN )T ), if there exists a variable substitu-
tion including polarity reversal and offset boosting
such as ui1 = −xi1 , ui2 = −xi2, . . . , uik = −xik ,
uj1 = xj1 + dj1 , uj2 = xj2 + dj2 , . . . , ujl

= xjl
+ djl

,
ui = xi, (here 1 ≤ i1, . . . , ik ≤ N, 1 ≤ j1, . . . ,
jl ≤ N, i1, . . . , ik and j1, . . . , jl are not identical,
i∈{1, 2, . . . , N}\{i1, . . . , ik, j1, . . . , jl}), the derived
system retains its balance of polarity on the two
sides of the equation and will satisfy U̇ = F (U)
(U = (u1, u2, . . . , uN )), then the system Ẋ = F (X)
has l-dimensional conditional symmetry since the
polarity balance depends on an l-dimensional offset
boosting [Li et al., 2018]. Applying a suitable abso-
lute value function in those reported chaotic systems
with a hidden attractor to realize offset-boosting-
based polarity balance, several new examples of hid-
den attractors with conditional symmetry can be
constructed. Specifically, hidden chaotic attractors
have been found in chaotic systems with no equi-
librium points as listed in Table 1. In this work, for
obtaining representative Lyapunov exponents rather
than absolute ones [Leonov et al., 2015; Kuznetsov
et al., 2018; Kuznetsov & Mokaev, 2019], all the
finite-time LEs are computed for the time interval
[0, 106] for the initial points on the attractor using
Wolf’s algorithm [Wolf et al., 1985]. The table also
shows their revised versions with conditional sym-
metry, all of which share the following properties:

(a) All of the conditional symmetric cases are of
conditional rotational symmetry;

(b) All the original cases and conditional symmet-
ric cases share almost the same Lyapunov expo-
nents and Kaplan–Yorke dimensions;

(c) All the conditional symmetric versions derive
their polarity balance from offset boosting in
the z dimension;

2030042-2



November 23, 2020 20:43 WSPC/S0218-1274 2030042

Hidden Attractors with Conditional Symmetry

Table 1. Chaotic Systems with No Equilibria (CSNE) and their Conditional Symmetric versions (CSNECS).

Systems Equations Parameters LEs DKY (x0, y0, z0)

CSNE1 ẋ = −y, a = 0.35 0.0776, 2.0517 0, 0.4, 1

ẏ = x + z, 0,

ż = 2y2 + xz − a −1.5008

CSNECS1 ẋ = −y, a = 0.35 0.0776, 2.0517 0, 0.4, 6

ẏ = x + F (z), 0, 0, 0.4, −5

ż = 2y2 + xF (z) − a, −1.5008

F (z) = |z| − 5

CSNE2 ẋ = y, a = 2.0 0.0252, 2.0037 0, 2.3, 0

ẏ = −x + z, 0,

ż = −0.8x2 + z2 + a −6.8521

CSNECS2 ẋ = y, a = 2.0 0.0252, 2.0037 0, 2.3, 12

ẏ = −x + F (z), 0, 0, −2.3, −12

ż = −0.8x2 + F (z)2 + a, −6.8521

F (z) = |z| − 12

CSNE3 ẋ = z, a = 0.1 0.0654, 2.0321 0.5, 0, −1

ẏ = x − y, 0,

ż = −4x2 + 8xy + yz + a −2.0398

CSNECS3 ẋ = F (z), a = 0.1 0.0665, 2.0326 0.5, 0, 11

ẏ = x − y, 0, 0.5, 0, −13

ż = −4x2 + 8xy + yF (z) + a, −2.0410

F (z) = |z| − 12

CSNE4 ẋ = −y, a = 0.4 0.1028, 2.0483 2.5, 0, 0

ẏ = x + z, 0,

ż = xy + xz + 0.2yz − a −2.1282

CSNECS4 ẋ = −y, a = 0.4 0.1026, 2.0482 2.5, 0, 15

ẏ = x + F (z), 0, −2.5, 0, −15

ż = xy + xF (z) + 0.2yF (z) − a, −2.1275

F (z) = |z| − 15

CSNE5 ẋ = y, a = 1.0 0.0532, 2.0045 1, 0, −4

ẏ = z, 0,

ż = x2 − y2 + 2xz + yz + a −11.8580

CSNECS5 ẋ = y, a = 1.0 0.0538, 2.0045 1, 0, 11

ẏ = F (z), 0, 1, 0, −19

ż = x2 − y2 + 2xF (z) + yF (z), −11.8591

F (z) = |z| − 15

CSNE6 ẋ = y, a = 1.0 0.1101, 2.0793 0, 1, −4.9

ẏ = z, 0,

ż = x2 − y2 + xy + 0.4xz + a −1.3879

CSNECS6 ẋ = y, a = 1.0 0.1105, 2.0796 0, 1, 26.1

ẏ = F (z), 0, 0, 1, −32.9

ż = x2 − y2 + xy + 0.4xF (z) + a, −1.3882

F (z) = |z| − 30
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Fig. 1. Strange attractors in the original chaotic systems with no equilibria.

(d) All the conditional symmetry results from 1D
offset boosting.

The strange attractors and their conditional
symmetric versions are shown in Figs. 1 and 2,
respectively. The corresponding basins of attrac-
tion for two of the conditional symmetric attrac-

tors in the plane y = 0 with the condition of offset-
boosting in the corresponding z dimension are given
in Fig. 3. While the attractors have an evident sym-
metry, their basins are highly asymmetric.

Table 2 lists some hidden chaotic attractors
with line equilibria and their conditional symmet-
ric versions. The conditional symmetric variants are

(a) (b)

Fig. 2. Coexisting attractors of conditional rotational symmetry induced by 1D offset boosting in the z dimension.
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(c) (d)

(e) (f)

Fig. 2. (Continued)

obtained from 1D or 2D offset boosting in the x, z,
or y and z dimensions. Figure 4. shows the original
attractors, and Figs. 5–7 show the pair of hidden
attractors for conditional symmetry. For the exis-
tence of a line of equilibria, all the initial conditions

close to the equilibria show their power to drive the
system to its line equilibria, which makes the basins
of attraction fragile. The basins of attraction show
the lack of symmetry as for the previous cases with-
out any equilibria.

(a) (b)

Fig. 3. Basins of attraction on y = 0: (a) CSNECS3 and (b) CSNECS4.
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ẏ
=

cz
|y|

+
0
.1

y
|y|

−
x
,

b
=

0
.5

0
,

ż
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ẏ
=

c|y
|F

(z
)
+

0
.1

y
|y|

−
x
,

b
=

0
.5

0
,

−1
,
−0

.5
,
−4

ż
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(a) (b) (c)

Fig. 4. Strange attractors of the original systems with line equilibria.

Fig. 5. Coexisting attractors in conditional symmetric system CSLECS1 induced by 1D offset boosting in the x dimension.

Fig. 6. Coexisting attractors in conditional symmetric system CSLECS2 induced by 2D offset boosting in the y and z
dimensions.

Fig. 7. Coexisting attractors in conditional symmetric system CSLECS3 induced by 1D offset boosting in the z dimension.
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3. Bifurcations of Conditional
Symmetry

There are two coexisting bifurcations of condi-
tional symmetry in these new cases. As shown in
Fig. 8, system CSNECS6 exhibits two separate
typical period-doubling bifurcations in the corre-
sponding basins of attraction. Typical periodic and
chaotic oscillations of conditional symmetry are all

(a) (b)

Fig. 8. Bifurcations and Lyapunov exponent spectrum in CSNECS6 when a varies in [−0.3, 1.2]. (a) IC = (0, 1, 26.1) and
(b) IC = (0, 1,−32.9).

(a) (b)

Fig. 9. Bifurcations and Lyapunov exponent spectrum in CSLECS3 with b = 0.5, c = 0.5 when a varies in [0.6, 2]:
(a) IC = (1, 0.5, 5) and (b) IC = (−1,−0.5,−4).

exhibited. In system CSLECS3, inverse period-
doubling bifurcations coexist when the parameter a

varies in [0.6, 2], as shown in Fig. 9. Other bifurca-
tions show the same property of conditional symme-
try, which indicates that the corresponding system
exhibits a similar dynamical evolution but in differ-
ent regions of phase spaces. For example, in systems
CSNECS6 and CSLECS3, one bifurcation is with

2030042-8
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(a) (b)

Fig. 10. Limit cycles of conditional symmetry in CSLECS3 with b = 0.5 and c = 0.5: (a) a = 1.3 and (b) a = 1.7.

(a) (b)

Fig. 11. Amplitude and frequency rescaling in CSLECS2 with a = 0.4, b = 1, G(y) = |y|−20, F (z) = |z|−20: (a) bifurcation
diagram and (b) Lyapunov exponents.

negative values of z while the other is for positive
values. The reason is that CSNECS6 and CSLECS3
have conditional rotational symmetry according to
x and y.

All the coexisting attractors with conditional
symmetry are asymmetric and undergo their own
evolution separately. In CSLECS3, when b = 0.5
and c = 0.5, two pairs of coexisting limit cycles
are obtained at a = 1.3 and a = 1.7, as shown in
Fig. 10. System CSLE2 shares a differential equa-
tion with only a single nonquadratic term y, which
provides a single knob for amplitude-frequency con-
trol [Li & Sprott, 2014b]. In system CSLE2, an addi-
tional parameter c in the first dimension can real-
ize simultaneous amplitude and frequency control
since a transformation x → x/c, y → y/c, z → z/c,
t → ct leaves an independent parameter c in the sys-
tem. Correspondingly, in system CSLECS2, param-
eter c in Eq. (1) modifies the amplitude

⎧⎪⎨
⎪⎩

ẋ = cG(y),

ẏ = aG(y)2 − xF (z),

ż = x2 + xG(y) − bxF (z)

(1)

and frequency of producing coexisting attractors
with conditional symmetry. However, this control
should be limited in a certain region since the con-
ditional symmetry depends on the attractor size.

To enlarge the space for amplitude and frequency
control of coexisting attractors, the constants for
offset boosting are modified accordingly. When a =
0.4 and b = 1, G(y) = |y| − 20, F (z) = |z| − 20,
parameter c varies in [0.8, 2], system CSLECS2
exhibits coexisting chaos of conditional symmetry
with rescaled amplitude and frequency, as shown in
Fig. 11.

4. Circuit Implementation

In the following, based on PSpice software, cir-
cuit implementations are used to prove the coex-
isting oscillations of conditional symmetry. By con-
structing various modules for integration, absolute
value function operation, and phase reversal, two
circuits are designed for reproducing the coexist-
ing hidden attractors, where the operational ampli-
fier OPA404, ideal multiplier, diode D1N4500 are
applied for signal calculation.

For saturation of the operational amplifier, all
the variables in system CSNECS6 are rescaled by a
factor of ten. Thus system CSNECS6 becomes
⎧⎪⎨
⎪⎩

ẋ = y,

ẏ = |z| − 3,

ż = 10x2 − 10y2 + 10xy + 4x|z| − 12x + 0.1a.

(2)

2030042-9



November 23, 2020 20:43 WSPC/S0218-1274 2030042

C. Li et al.

The corresponding circuit equation is
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ =
1

R1C1
y,

ẏ =
1

R2C2
|z| − 3

R3C2
,

ż =
10

R4C3
x2 − 10

R5C3
y2 +

10
R6C3

xy

+
4

R7C3
x|z| − 12

R8C3
x +

0.1a
R9C3

.

(3)

Here a = 1, and the corresponding circuit parame-
ters are C1 = C2 = C3 = 1nF, R4 = R5 = R6 =
10 kΩ, R7 = 25 kΩ, R8 = 8.4 kΩ, R9 = 1000 kΩ,
R1 = R2 = R3 = R11 = R12 = R13 = R14 = R15 =
R16 = R17 = R18 = R19 = R20 = 100 kΩ. The

circuit schematic is shown in Fig. 12, where V rep-
resents |z|. The circuit gives coexisting oscillations
as shown in Figs. 14(a) and 14(b).

The system CSLECS3 can be transformed into
the following circuit equation which corresponds to
the circuit shown in Fig. 13,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ =
1

R1C1
y,

ẏ =
c

R2C2
|yz| − 4c|y|

R3C2
+

0.1
R4C2

y|y| − 1
R5C2

x,

ż =
0.5

R6C3
x2 − a

R7C3
xy − b

R8C3
x|z| + 4b

R9C3
x.

(4)

Here a = 0.8, b = 0.5, c = 0.5, and the correspond-
ing circuit parameters are C1 = C2 = C3 = 1 nF,

Fig. 12. Circuit schematic of system CSNECS6.
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Fig. 13. Circuit schematic of system CSLECS3.
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Fig. 14. Coexisting attractors shown in the oscilloscope obtained from PSpice.

R2 = R6 = R8 = 200 kΩ, R3 = R9 = 50 kΩ,
R4 = 1000 kΩ, R7 = 125 kΩ, R1 = R5 = R10 =
R11 = R12 = R13 = R14 = R15 = R16 = R17 =
R18 = R19 = R20 = R21 = R22 = R23 = R24 =
R25 = R26 = R27 = R28 = R29 = 100 kΩ. W
and V in the circuit represent the quantities |y| and
|z|. The corresponding circuit for system CSLECS3
gives coexisting oscillations as shown in Figs. 14(c)
and 14(d).

5. Conclusion and Discussion

Offset-boosting-induced polarity recovery also
exists in asymmetric systems with no equilibrium
or with lines of equilibria. Such new examples are
obtained when those systems are modified with a
piecewise absolute value function for polarity bal-
ance. Like other cases, coexisting oscillations are
found as predicted. This result enriches the gallery
of hidden attractors and those chaotic systems
of conditional symmetry. Furthermore, some other
cases [Jahanshahi et al., 2019; Ren et al., 2018;

Vo et al., 2019; Lin & Wang, 2020] could be checked
for their conditional symmetric versions. For exam-
ple, applying the same approach to the system
in the first hyperjerk system with no equilibrium
[Ren et al., 2018], conditional rotational symme-
try can be constructed based on polarity reversal
of x, y and offset boosting of z. In fact, as pre-
dicted, offset-boosting-based polarity balance exists
in many dynamical systems, which provides a new
scheme for producing coexisting chaotic oscillations.
In this case, chaotic signals of either desired polarity
can be conveniently obtained.
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