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Simplest dissipative chaotic flow
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Abstract

Numerical examination of third-order, autonomous ODEs with one dependent variable and quadratic nonlinearities has
uncovered what appears to be the algebraically simplest example of a dissipative chaotic flow, ¥ + A¥ — &2 + x = 0. This
system exhibits a period-doubling route to chaos for 2.017 < A < 2.082 and is approximately described by a one-dimen-
sional quadratic map. © 1997 Published by Elsevier Science B.V.
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Many of the general features of chaotic systems
have been understood through study of the quadratic
map

nel x 3 —A ( l)
and its variants such as the logistic map [1}, x,,, =
Ax,(1 - x,). The quadratic map is the algebraically
simplest example of a chaotic map in the sense that
it contains the smallest number of terms (2) and the
simplest differentiable nonlinearity (x?). Eq. (1) is
chaotic over the range 1.4011... <A < 2 except for
an infinite number of periodic windows with small
but finite measure (~ 10%).

With chaotic flows, governed by differential equa-
tions, there is no single correspondingly simple pro-
totypical chaotic system. The Poincaré—Bendixson
theorem [2] requires that autonomous first-order or-
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dinary differential equations with continuous func-
tions be at least three-dimensional to have bounded
chaotic solutions. Standard examples include the au-
tonomous Lorenz [3] and Réssler [4] attractors and
various periodically driven systems such as the Ueda
[5] oscillator which can be recast into autonomous
form. Here we propose what appears to be the
algebraically simplest example of a dissipative
chaotic flow and demonstrate that it exhibits continu-
ous dynamics analogous to the quadratic map. This
work follows Lorenz [3] who showed that his attrac-
tor is governed approximately by a tent map and
Hénon [6] whose 2-D dissipative map was con-
structed to model the features of the Lorenz attractor.
Olsen and Degn [7] also did a similar calculation for
the Rossler attractor.

An earlier paper [8] described a computer search
that revealed nineteen examples of chaotic flows that
are algebraically simpler than the Lorenz and Rossler
systems. Recently, Gottlieb [9] suggested examining
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