Diffusion of magnetic fields into conductors of nonuniform resistivity
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Solutions are obtained for the spatial variation of electrical resistivity of cylindrical and
rectangular conductors such that the magnetic field external to the conductor maintains a
constant spatial variation as the magnetic field diffuses into the conductor. Practical

implementations of the ideal solution are described.

I. INTRODUCTION

Sometimes it is desirable to produce or shape a magnetic
field with a current-carrying conductor in such a way that
the spatial variation of the magnetic field external to the
conductor is constant as the magnetic field diffuses into the
conductor. An example is a pulsed, magnetic device for plas-
ma confinement. In such a case the stability and confinement
properties are often determined by the shape of the magnetic
field, and it is usually desired that the magnetic field remain
tangent to the surface of the conductor so that there is no
direct path for the plasma to escape by flowing parallel to the
magnetic field into a material surface. Such considerations
are especially important for devices with internal rings such
as toroidal multipoles’ and poloidal divertor tokamaks® as
well as for devices with close-fitting conducting shells such
as spheromaks** and reversed-field pinches.® An example as
shown in Fig. 1 is a quadrupole magnetic field produced by
currents in two, circular, resistive rods, and surrounded by a
thick resistive wall which might be the vacuum vessel in
which the plasma is confined.

In this paper we consider conductors of two prototypi-
cal shapes, a circular cylinder such as the resistive rod in Fig.
1 and a rectangular slab such as might be used to represent
the resistive wall in Fig. 1. A resistivity variation is sought
that will render the external magnetic field shape insensitive
to diffusion. Practical implementations of the ideal resistiv-
ity variation are described. Conductors of more complicated
shapes can be represented approximately by the solutions
described.

The general equation which describes the diffusion of a
magnetic field B into a conductor of nonuniform resistivity p
is
to B
p It
The task is to find a spatial function p that will cause the
direction, although not necessarily the magnitude, of the
vector B to remain constant in time in the region external to
the conductor. We will specialize to the case in which there is
initially no magnetic field normal to the conductor surface,
but we allow the tangential magnetic field to have a spatial
dependence which we attempt to maintain as the magnetic
field diffuses into the conductor. We will also assume that
any currents external to the conductor which contribute to
the field at its surface are fixed in space and have magnitudes
proportional to the field at the surface of the conductor.

Rather than solve the full diffusion equation [Eq. (1)],
we will solve for the resistive (d B/dt = 0) limit and argue
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that a conductor that has the proper boundary conditions in
the inductive (¢t = 0) and resistive (£ — oo ) limits will prob-
ably closely approximate the desired solution at intermedi-
ate times. As an added condition we can require that the
variation of the resistivity at the surface be such that the
boundary condition is satisfied asymptotically at early times
(z—0) when the field has diffused only a small distance into
the conductor. With this added condition, the resulting solu-
tion is, for all practical purposes, identical to the exact solu-
tion.

Il. LONG CIRCULAR CYLINDER

Consider the case of a long, circular cylinder centered
on r =0 and carrying a current [ in the z direction. If all
other curents are sufficiently small or far away, the magnetic
field in the region external to the conductor is in the & direc-
tion with magnitude B = uf /27r for all time. However, we
will consider the case in which other nearby currents cause
the field at the surface to deviate from perfect axisymmetry.
An example would be one of the current-carrying rods of
Fig. 1.

From B =VXA, we can define a flux function
Y= —A,. From VXB=yu, and V-A =0 (Coulomb
gauge), the current density is j = — V?A/u,, or in cylindri-
cal coordinates,
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FIG. 1. Configuration in which a plasma is confined by the quadrupole
magnetic field produced by electric currents in two resistive rods. The cur-
rents are into the page and return in a resistive wall which might also be the
vacuum vessel.
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