Electrical circuit modeling of conductors with skin effect
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The electrical impedance of a lossy conductor is a complicated function of time (or frequency)
because of the skin effect. By solving the diffusion equation for magnetic fields in conductors of
several prototypical shapes, the impedance can be calculated as a function of time for a step
function of current. The solution suggests an electrical circuit representation that allows
calculation of time-dependent voltages and currents of arbitrary waveforms. A technique using an
operational amplifier to determine the current in such a conductor by measuring some external
voltage is described. Useful analytical approximations to the results are derived.

I. INTRODUCTION

An electrical current flowing in a conductor requires a
voltage tosustain bothits resistive (/R ) and inductive (Ld[I /
dt) components. The resistance is usually calculated in the
low-frequency limit where the current density in the conduc-
tor has reached its steady-state (often uniform) value. The
inductance is usually calculated in the high-frequency limit
where the current flows in a thin skin on the surface of the
conductor. At intermediate frequencies, the resistance is in-
creased from its dc value by this skin effect, and the induc-
tance is increased from its high-frequency value by the mag-
netic flux embedded in the conductor. The goal of this paper
is to develop methods for predicting the voltage ¥(¢) which
resuits from a current J(¢) that has frequency components in
this complicated, intermediate regime. A by-product of the
calculation is the design of an operational amplifier circuit
that allows the time-dependent current in a conductor to be
determined by measuring some appropriate voltage. The cal-
culation was motivated by a desire to model toroidal mag-
netic confinement devices for plasmas surrounded by thick,
conducting walls and with internal conducting shells or
rings, but the applications extend to any electrical system in
which skin effect is important. Skin effect has been calculat-
ed for many geometric configurations.'”> Modern tech-
niques rely heavily on numerical, finite-element methods.*®

In Sec. 11, the one-dimensional diffusion equation for
the soak-in of a magnetic field to conductors of various
shapes is solved for the special case of a constant magnetic
field at the surface of the conductor. For many cases this
corresponds to a total current in the conductor that is a step
function of time. In Sec. III the results are converted into a
time-dependent impedance using the fact that the voltage is
the rate at which magnetic flux penetrates the surface of the
conductor. In Sec. IV the time-dependent impedance is
modeled by an electrical equivalent circuit which allows the
results to be generalized to an arbitrary, time-dependent
waveform for use in circuit analysis computation codes. In
Sec. V an example is given of using the circuit model to repre-
sent a coaxial line with a solid resistive center conductor and
a resistive outer conductor of finite thickness. In Sec. VI the
results are used to design an operational amplifier circuit
that emulates the time dependence of a lossy conductor and
allows one to measure the time-dependent current. Finally,
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in Sec. VII a number of useful graphs and analytic approxi-
mations are given.

1. SOLUTION OF DIFFUSION EQUATION

In this section we consider five special but typical geo-
metrical shapes and boundary conditions. The cases chosen
have sufficient symmetry that the normal component of the
magnetic field is zero as the field diffuses into the conductor.
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FIG. 1. Case A: Plane slab with uniform magnetic field on one face (a) with
solution at t = 0 (b) and t—w (C).

© 1986 American Institute of Physics 475

Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp




Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



Downloaded 29 Mar 2004 to 128.104.223.199. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



