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Abstract

In this paper, we generalize all the existing results in the current
literature for the upper bound of a general 3-D quadratic continuous-
time system. In particular, we find large regions in the bifurcation
parameters space of this system where it is bounded.
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1 Introduction

Chaos in 3-D quadratic continuous-time autonomous systems was discovered
in 1963 by E. Lorenz [1]. The boundedness of this system was the subject
of many works. Bounded chaotic systems and the estimate of their bounds
is important in chaos control, chaos synchronization, and their applications.
The estimation of the upper bound of a chaotic system is quite difficult to
achieve technically. In this work, we generalize all the relevant results of the
literature and describe some of these bounds using multivariable function
analysis.



The most general 3-D quadratic continuous-time autonomous system is
given by

¥ = ag + a1 + agy + azz + ayx? + asy?® + ag2® + arwy + agrz + agyz
Y = by + bz + boy + b3z + byx? + bsy? + bgz? + bray + bgxz + beyz
2 =co+crx+ oy + 3z + c4x2 + c5y2 + 0622 + crxy + T2 + oYz
(1)
where (a;,b;,¢:)gcico € R are the bifurcation parameters. Several re-
searchers have defined and studied quadratic 3-D chaotic systems as de-
scribed in the references. The generalized Lorenz-like canonical form intro-
duced in [6-11] gives a unique and unified classification for a large class of
3-D quadratic chaotic systems. This system contains all the well known
quadratic systems given in [1-3-4-5-6]. In chaos control, chaos synchroniza-
tion, and their applications, the estimation of an upper bound of the system
under consideration is an important task. For example, in [23] the bound-
edness of the Lorenz system [1] was investigated and in [8] the boundedness
of the Chen system [3] was investigated. Recently, a better upper bound
for the Lorenz system for all positive values of its parameters was derived in
[25], and it is the best result in the current literature because the estimation
overcomes some problems related to the existence of singularities arising in
the value of the upper bound given in [23].

In this paper, we generalize all these results concerning an upper bound
for the general 3-D quadratic continuous-time autonomous system. In partic-
ular, we find large regions in the bifurcation parameter space of this system
where it is bounded. The method is based on multivariable function analysis.

2 Estimate of the bound for the general sys-
tem

To estimate the bound for the general system (1), we consider the function
V (z,y, z) defined by

(x_a)2+(y_6)2+<2_7)2 (2)

V(‘T;?y?Z): 2



where (o, 3,7) € R3 is any set of real constants for which the derivative of
(2) along the solutions of (1) is given by

Oiz_‘t/:—W(fc—al)Q—w(y—ﬁl)Q—qb(z—%)erd (3)

where ) ,
d = wai + B + ¢77 — Bby — yco — aag
w = aay — aj + Pby + vy
@ = aas — by + Bbs + ycs
¢ = aag — 3+ s + ¢ (4)
a; = GO*aa1;5b1*701, if w0
D
v = —7—00_0‘“3;(51’3_ S if ¢ £ 0.

\
Note that if w = 0 or ¢ = 0 or ¢ = 0, then there is no need to calculate
a1, B; and 7, respectively, and a condition relating (a;, b;, ¢;)g<;<q € R3 to
(o, B,7) € R? is obtained. If not, we have the formulas given by the last
three equalities of (4). The form of the function 47 in (3) is possible if the

following conditions on the coefficients (a;, bi, ¢;) ;<9 € R3° hold:

ay = O,b4 = —CL7,b5 = 0,b7 = —a5,C4 = —Aag,Cs = —bg
Cg — 0,07 = —ag — bg,Cg = —Qg,Cog = —b6
by = aay — Bas — as + yer (5)

c1 = —az — yag + aag + Bbg
¢y = aag — bg — ybg + Bby,

i.e., the system (1) becomes

¥ = ag + a1x + asy + asz + asy? + agz® + arry + agrz + agyz
y' = by 4+ bz + boy + b3z — arx® + bgz? — asvy + bgwz + boyz
2 = ¢y + 1w + ey + 32 — agr? — byy? — (ag + bg) vy — agrz — bgyz
(6)
with the formulas for by, ¢1, and ¢y given by the last three equations of (5).
To prove the boundedness of system (6), we assume that it is bounded and
then we find its bound, i.e., assume that w, ¢, ¢, and d are strictly positive,
ie.,

wa? + B3 + ¢y — Bby — yco — aag > 0
a1 < aay + Bby + vy (7)
by < aas + PBbs + yes
c3 < aag + Pbg + yce.
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Then if system (6) is bounded, the function (3) has a maximum value, and
the maximum point (g, yo, 20) satisfies

2 2 2
(‘1.0 ial) _|_ (yo 461) _|_ (ZO if)/l) _ 1 (8)
w @ @
Now consider the ellipsoid
2 2 2
I' = {(l’,y,Z) ER?) . (1: da1> + (y dﬁl) + (Z d/yl) :1,W,Q0,¢,d>0},
w © )

(9)

and define the function

F(x,y,2) =G (z,y,2) + \H (2,9, 2)

Gwy 2) =a+y' 22 (10)
H (I,y, Z) — (x_zl) + (yfgl) + (zfgl) -1
w » [2

where A € R is a finite parameter. Then we have max(, ,, .yer G = max(, y )er F

and
OF(y2) — 94~ (whay — (WA + d) x)

Zi%fz) — 2471 (A3, — (pA+d) y) (11)
% = —2d" Y (pAy; — (oX + d) 2)

and the following cases according to the value of the parameter A with respect
to the values —%, —g, and \ # —% if w, v, > 0. Otherwise, a similar study
can be done.

() IEX#£—-L N —%, and \ # —%, then

(0,30, 20) = (dwiilx dgojilx d@%) (12)

and
3G = "

where
WVl g8 N a4

d+wh)?  (d+eN)? (d+ M)
In this case, there exists a parameterized family (in A) of bounds given by
(14) of system (6).



(11) It A = _g>(w7é0>907é07¢7£0aw7£§0>w7é¢)7/\ 7£ _%aA 7£ _%7

then
(1'07907 ZO) = (j: % (1 - %z) + aq, ;5_1227 %jz) (15)

where

(- lumera? (16)
gy = ellymaie

wt

{ ¢, = (9B3+013)(w—¢)°d?
y =

with the condition

€32 &, (17)
This confirms that the value zg in (15) is well defined and the conditions
w#0,0#0,0# 0,w # ¢, and w # ¢ are formulated as follows:

ay # aay + Bby + yey

bg 7é Bb5+vc5—l—aa5

cs # Bbe + g + aag (18)
by —ay # (a5 —ag) a+ (bs — by) B+ (c5 — cq) 7y
c3 —ay # (ag — as) a + (bg — ba) B+ (¢ — ca) 7.

In this case, we have

2
(A & By’ 7i¢?
(x{zr/l,?}))éFG N < w (1 fg) - a1> * (w— ) * (w—¢)* (19)

(111) If A 7é _%7)‘ = _%<w7&07307&07¢7é07w7é907§07é¢)>)‘ 7é _%7

then
(20, %0, 70) = (— ow 4 (1—9) 1y, 1 ) (20)
2 2

&5 ¢

where

{ &4 = (Qwpdad — 2wpdni — wp?ad — wdad + wiyi + Y3 ? (21)
&= (60— ) (¢ —w)d

with the condition
s > &a (22)
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This confirms that the value y, in (20) is well defined and the conditions
w# 0,0 # 0,0 # 0,w # ¢, and ¢ # ¢ are formulated by the first four
equations of (18) and

cg — by # (ag — as) a + (bg — bs) 5+ (c6 — ¢5) - (23)

In this case, we have

2

(A& ajw’ 71e?
(xfi%?ﬁr(;_( so( 55)”31) - Te-ar
then
_[(maw B | Jd (0 &
(20, Yo, 20) = <¢_wa¢_¢,i ¢< §7>+V1> (25)
where

{ § = (wpad — wpdfiy — Qopoal +wi'al +uwpli + ") & o0
&=0—9)7(¢—w)’d
with the condition
§r 2 &6 (27)

This confirms that the value z in (25) is well defined and the conditions
w# 0,0 # 0,0 # 0,w # ¢, and ¢ # ¢ are formulated by the first four
equations of (18) and (23), respectively.

The other possible cases are treated using the same logic.

Theorem 1 Assume that conditions (4), (5), and (7) hold. Then the general
3-D quadratic continuous-time system (1) is bounded, i.e., it is contained in
the ellipsoid (9).

Similar results can be found using the cases discussed above.



3 Example

Consider the Lorenz system given by
v’ =a(y— )
Yy =cr—y—uaz (28)
2 =axy — bz,
ie,a;=0,1=0,3,4,5,6,7,8,9,a1 = —a,as = a,b; =0,7=20,3,4,5,6,7,9,b; =
c,bp = —1,bg = —1,¢; = 0,1 =0,1,2,4,5,6,8,9,c3 = —b, and o7 = 1. We

_ : TP (o (at0))’
choosea—B—Oandfy—cH—casm 25]. Thus V (z,y, 2) = =5
andd—b(‘”c) Jw=a,p=1, gb—bal—()ﬁl—(), and 7, = %<, Then
we have & = —az® —y*—b (2 — ““) +b (““) , which is the same as in [25].

Also, it is easy to verify that conditions (5) and (7) hold for this case. The el-

a+c
lipsoidFisgivenbyF:{(x,y,z)€R3 (m )2+ (;{L)z—i-(( )2 =1 ab,c>0},

which is also the same as in [25]. Finally, we have the result Shown in [25]
that confirms that if a > 0, b > 0, and ¢ > 0, then the Lorenz system [1] is
contained in the sphere Q = {(z,y,2) € R* / 22 + 2 + (z —a — ¢)’ = R?},
where

(a+c)*b ifa>1,0>2

0 1)=
R? = (a+c),1fa>—b<2 (29)
S;I;EZ)Q), ifa<1,b> 2a.

4 Conclusion

Using multivariable function analysis, we generalize all the results about
finding an upper bound for the general 3-D quadratic continuous-time au-
tonomous system. In particular, we find large regions in the bifurcation
parameters space of this system where it is bounded.
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